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ABSTRACT. Automorph class theory formalism is developed for the case of 
integral nonsingular quadratic forms in an odd number of variables. As an ap- 
plication, automorph class theory is used to construct a lifting of similitudes 
of quadratic Z-modules of arbitrary nondegenerate ternary quadratic forms to 
morphisms between certain subrings of associated Clifford algebras. The con- 
struction explains and generalizes Shimura's correspondence in the case of theta- 
series of positive definite ternary quadratic forms. Relations between associated 
zeta-functions are considered. 
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Introduction 

In his important paper [12] G. Shimura discovered a remarkable correspondence be- 
tween modular forms of half-integral weight and forms of integral weight - the so-called 
" Shimura lift " (see [12, Main Theorem]). P. Ponomarev [10] determined the effect of 
Shimura's lifting on the theta-series 0{z,q) of certain positive definite ternary quadratic 
forms q. Using purely arithmetical approach he expressed the lift of Q{z, q) as an explicit 
linear combination of theta-series associated to a certain system of quaternary quadratic 
forms coming from a quaternion algebra (see [10], Theorem 1). Considering the Fourier 
coefficients of corresponding theta-series one can interpret these results as a link between 
the numbers of representations of integers by positive definite quadratic forms in three 
and in four variables. But according to the theory of automorph class rings (i.e. matrix 
Hecke rings of orthogonal groups) developed by A. Andrianov in [1] and [2], the majority 
of known multiplicative properties of the numbers of integral representations by quadratic 
forms turns out to be merely a reflection of certain relations between the representations 
themselves. Following ideas of A. Andrianov and P. Ponomarev one can try to deflne a 
direct algebraic correspondence between the representations of integers by quadratic forms 
in three and four variables which would underlie Shimura's lift in case of theta-series. In 
the present paper we examine such a correspondence constructed by means of Clifford 
algebras. Our main result is contained in Theorems 6.5 and 6.7 together with Corollary 
6.8 which can be summarized as follows (see notations in the end of this section): 

Proposition . Let q be an integral nonsingular ternary quadratic form and let n 
be the integral quadratic form defined (up to integral equivalence) by the norm on the 
even subalgebra of the Clifford algebra C(q) . Take {qi, . . . , q/^} and {ni, . . . , n^} to be 
complete systems of representatives of different equivalence classes of the similarity classes 
of q and of n respectively. Let p be a prime number coprime to det q . Denote by 

h H 

T*{p') = U E(q,)\i?*(qi,p^q) and T*ip'') = [j E(n,)\i?*(n,-,p'n) 

i=l 3=1 

the sets of classes of (primitive) automorphs of q and of n respectively (with multiplier p''). 
Then one can define an injection \& : A i— T*{p'^) — > T^{p'^) , which can be naturally 
continued to an injection T : A T^, T*{p'^) T'*{p) , in such a way that Ta divides 
"if A from the right. Conversely, for any /A E T^{p) there exists a unique A G ^(p^) such 
that M. divides '^a from the right. This construction turns the set [JjE{nj)\R{nj,pn) of 
classes of quaternary automorphs into a 2-fold covering of the set Ui£^(qj)\i?*(qj,p^q)) of 
classes of ternary automorphs . 

In view of Eichler's commutation relations (2.5), (3.3) and (3.4) the construction corre- 
sponds to Shimura's lift (4.1) for generic theta-series of ternary positive definite quadratic 
forms and generalizes the latter in a purely arithmetical way to the case of arbitrary 
indeterminate (nonsingular) ternary quadratic forms: 

Corollary . With the notation and under the assumptions of the above Proposi- 
tion, let in addition q be positive definite, then Shimura's lift of the generic theta-series 
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9{qT.(2;) and the generic theta-series Q^n}{z) of the norm n on the even Chfford subalgehra 
Co{E, q) have the same eigenvalues p+1 for all Hecke operators T{p) with p/det q. 

(See also Theorem 6.3 and Corollary 6.4.) 

Thus defined automorph class lift (5.28) rises numerous questions which still await 
solution. Some of the possibilities, including those concerning relations between associated 
zeta-functions, will be discussed in Concluding Remarks (Section 7). 

I am greatly indebted to Professor A. Andrianov without whose inspiration this paper 
would never be possible. I would like to express my deep gratitude to Professor W. Baily 
for many stimulating conversations and to Professor P. Ponomarev for his friendly support. 

Notations 

As usual, the letters Z, Q and C denote the ring of rational integers, the field of rational 
numbers and the field of complex numbers respectively. We put M — {z & C ; Im z > 0} 
to be the upper half plane. A'!^ is the set of all (m x n)- matrices with entries in a set 
A, = Af , An = A^. We let = GL^{Z) denote the group of all integral invertible 
matrices of oder m and Im stand for the unit matrix of oder m. If M is a matrix, then 
*M denotes its transposed, M is its adjoint and |M| stands for the absolute value of its 
determinant (for square M). We write 

L[M] = *MLM , 

if the product of matrices on the right makes sense. We consider a quadratic form 

: 

Xm 

in m variables with rational integral coefficients . The symmetric matrix 

is called the matrix of the form q and its determinant det Q = det q is the determinant of 
q. Quadratic form q is nonsingular if det q 7^ . Clearly, 

2q(X) = Q[X] . 

Note that Q is an even matrix (i.e. an integral symmetric matrix whose diagonal elements 
are even). The level of q (and of Q) is defined to be the least positive integer i such that 
£Q~^ is even. It should be noted that £ and det q have the same prime divisors. If A e 
with some m, n e N, then q[A] denotes the quadratic form 

q'(n = ^Q'[Y] = ciiAY) = -Q[AYl Y = : 

\yn 
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resulting from q by the linear change of variables X = AY . The matrix A is called a 
representation (over Q ) of the form q' by the form q. In case A £ , we call it an 
integral representation of q' by q and denote by 

i?(q, q') = {A e ; q[A] = q'} = {A e ; Q[A] = Q'} , 

the set of all such integral representations. In particular, if n = 1 and q' = ay'^ then the set 
i?(q, q') coincides with the set i?(q, a) of (integral) representations of the number a by q : 

i?(q, ay^) = R{q, a) = {X e Z"* ; q{X) = a} . 

In case q = q' we get E{q) = -R(q, q) fl A"^ - the group of units of the form q. Subset of 
i?(q, q') consisting of matrices whose entries are coprimc is denoted by i?*(q, q') and its 
elements are called primitive (integral) representations of c( by q . We set 

r(q,q') = |i?(q,q')| , r*(q,q') = |i?*(q,q')| , r(q,a) = |i?(q,a)| , 

e(q) = |£^(q)| 

to be corresponding cardinalities. Finally, the abbreviation gcd stands for greatest common 
divisor. 
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1. Isotropic sums 

If q and q' are integral quadratic forms in the same number of variables with equal deter- 
minants, we say that q' is similar to q if i?(q, aq') is not empty for some o prime to det q. 
The set of all quadratic forms similar to q is called the similarity class of q. The Minkowski 
reduction theory of quadratic forms (see [3] for example) shows that the similarity class of 
a nonsingular integral quadratic form in m variables is a finite union 

h 

[j{cii[U] ■ UeGLmim , 

i=l 

of mutually disjoint classes of integrally equivalent quadratic forms. (One can compare 
the similarity class with the genus of q. Although in general the two sets are different, but 
both consist of quadratic forms with arithmetical invariants equal to those of q. Moreover, 
both sets are finite disjoint unions of classes modulo integral equivalence.) 

For similar quadratic forms q and q' the elements of the set -R(q, aq') are called 
automorphs (of q to q') with multiplier a. 

Lemma 1.1. For any integral nonsingular quadratic forms q and q' and for any 
nonzero number a e Z the set -R(q, aq') of automorphs with multiplier a is a finite union 
of left cosets modulo -E(q) . 

Proof Let m denote the rank of q and q' and let Q,Q' be their respective matrices. 
If M e i?(q, aq') then Q[M] = aQ' . Considering corresponding determinants we have 
\M\ = (a"* det q/ det q')^/^ = |a|^/2 e Z which means that i?(q, aq') C (|a|"*/2) , 
where 

A'"(d) = {D eZ;;^ ; |detL>| =cZ} (1.1) 

for a positive integer d . We claim that A'^(d) is a finite union of left cosets mod- 
ulo A"* (see Notations). To establish this we note first that according to the theory 
of elementary divisors (see [3], Lemma 3.2.2) each double coset A'^DA"^ , D G A'^{d) 
has a unique representative of the form ed(-D) = dia,g{di, ... ,dm) with di > , di\di+i 
and so the cardinality |A'^\A"^((i)/A"^| is bounded above by number of factorizations 
d = YYiLi di, di> 0, di\dij^i , which means that A"^((i) is a finite disjoint union of double 
cosets modulo A"^ . Next we note that each of these double cosets is a finite (disjoint) 
union of left cosets: 

A^DA"^= U A"^L»' , 

D'eD-{{D-^A^D n A'^)\A'^) 

because K'^DU = A'^D with G A"^ if and only if U e D-^K^D n A"^ and the latter 
subgroup has finite index in hJ^ . To justify the last claim consider the principle congruence 
subgroup of level d of A"^: 

A^(cZ) = {M e A^ ; M = 1^ (modd)} . 
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Clearly K^{d) has a finite index in A"^ as the kernel of reduction modulo d : — > 
GLmi^/dZ) . On the other hand A"^(d) C D'^A'^D since entry- wise L> A"" (d)^ = DD = 
(modd) and so DA'^{d)D-^ = {±d)-^D A'^{d)D C A"^ , here D is the matrix adjoint 
to D . Thus D~^A^D fl A*" contains subgroup A"^((i) of finite index in A"^ , which means 
that D~^A^D n A"^ is itself of finite index in A^ . Summing up, we see that A"^(c/) is 
a finite (disjoint) union of double cosets each of which is a finite (disjoint) union of left 
cosets modulo A'" and thus A"^((i) is indeed a finite union of left cosets modulo A"^ . 

It remains to note that -R(q, aq') C A™ is therefore also a finite union of left 

cosets modulo A^ . But each left coset A'"M fl -R(q, aq') consists of a single left coset 
E{(\)M (if not empty), because if UM = M' e i?(q, aq') with U e A^ then Q[U] = 
Q[M'M-'^] = aQ'[M-^] = Q , i.e. U e E{ci) . We conclude that i?(q, aq') is a finite union 
of left cosets modulo -E(q) . □ 

The above property of automorphs will allow us to construct certain Hecke algebras 
of orthogonal groups in section 3. Then the obvious inclusion 



for any quadratic forms q, q' and for any integers a, b (the dot refers to the usual matrix 
multiplication) will help us to define an action of these Hecke algebras on representations 
of integers by quadratic forms. In order to prepare for later quantitative investigation 
of that action, we first need to address the question of inverse inclusion, i.e. we need to 
factor a given element K G -R(q, ab) into a product of an automorph M e i?(q, aq') and a 
representation L e -R(q', b) . We also want to find total number of such factorizations. For 
our purposes it is enough to restrict attention to the case when the automorph multiplier 
a is a power of a fixed prime p and quadratic forms q, q' are similar. Moreover, it appears 
that consideration of just two automorph multipliers a = p or a = is completely sufficient 
for all situations (see [2]). The case of quadratic forms in an even number of variables and 
automorph multiplier p was treated in great detail in [1]. Our first goal is to conduct a 
similar investigation for the case of quadratic forms in and odd number of variables and 
automorph multiplier p'^ (it is easy to see that p^ is the least power of an automorph 
multiplier possible for quadratic forms in an odd number of variables, see the proof of the 
Lemma 1.1). 

Thus, given K e i?(q,p^6) we seek to find total number of factorizations K = ML 
with M e i?(q,p^q'), L e i?(q',6) , where q, q' are similar integral quadratic forms in an 
odd number of variables m = 2/c + 1 > 3 and p is a prime coprimc to det q . Following 
general method of investigation of questions of this type developed in [1], we will view a 
matrix M G i?(q, p^q') as a solution of quadratic congruence 



whose matrix of elementary divisors Dp has a specific form. 

Lemma 1.2. Let q, q' be similar integral quadratic forms in an odd number of 
variables m = 2A; + 1 > 3 and let p be a prime coprime to det q . Then 



i?(q, aq') • i?(q', b) C i?(q, ab) 



q[M] = (modp^) 




, if q and q' are not integrally equivalent, 
, otherwise, 
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where i?*(q,p^q') is the set of primitive automorphs, i?(q, q') C , and the union on 

the right hand side is disjoint. Furthermore, the matrix of elementary divisors of an 
automorph from pR{q, q') is equal to pl^ and the matrix of elementary divisors of a 
primitive automorph has the form 



Dp = Dp{d) 



P'U 



(1.2) 



for some d, 1 < d < k , here k = (m — l)/2 and b = m, — 2d . 

Proof. Let M e i?(q, p^q') be an automorph and let fi denote the greatest common 
divisor of its entries. Since q[M] = p^q' then | detM| = \M\ — p"^ , which imphes that 
IJ,\p and so either fj, = 1 and M e i?*(q,p^q') or ji = p and p~^M e -R(q, q') . We also 
note that any elementary divisor of M is a power (at most m^^) of p . Next, since q 
and q' are similar, and in particular have equal determinants, then -R(q, q') C A"^ and 
therefore this set is empty if q and q' are not integrally equivalent. It is also clear that 
any double coset from A'^pi?(q, q')A"^ C phJ^ coincides with A'^pl^A"^ . Furthermore, if 
M e i?*(q,p2q') ^ then p^M'^ = {p^ / det M ) ■ M = (det q)"^Q' *MQ is an integral matrix 
since det M and det q are coprime. Therefore the matrix Dp of elementary divisors of M 
has the form diag(ls„,pls^,p^ls2) with sq -\- s\ -\- S2 = m and s\ + 2s2 = m, which leaves 
us with So — S2 — d and 1 < d < {m — 1) /2 . □ 



Thus if M e i?*(q,p2q') ^ then q[M] = (modp^) and M e K'^DpK^ for a matrix 
Dp of the form (1.2). Next, since at the moment we do not want to distinguish a particular 
form q' in its equivalence class {q'[C^] ; U G A*"}, we will be interested only in different 
cosets MA"^ G A'^DpA'^/A"^ (and thus only in cosets i?*(q, p^q')/E'(q') after a choice of 
particular form q'). Finally, because our interest is in factorizations of a particular column 
K e 77^ such that q(i^) = (modp^) , we will consider only those M which divide from 
the left such a . To this end we introduce isotropic sums of the form 



Sp.{ci,Dp,K)= 1 • (1-3) 

q[M] =0 (modp2) , M\K 



We will use geometric methods to compute the above sum. The following notions and 
results will help us to reinterpret it in geometric terms. 



Lemma 1.3. Let 5 he a positive integer and p be a rational prime. For a matrix 
M e ZJ^ with m> n the following statements are equivalent: 

i) There exists a primitive matrix M' e such that M' = M (modp*^) . 

a) Columns of M are linearly independent modulo p . 

Hi) The matrix M can be complemented to a matrix (MM") e ZJ^ such that (MM") 
I (mod/) with U E A"^ . 
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Proof. First of all, recall that an integer matrix is called primitive if and only if 
the greatest common divisor of its principal minors is equal to 1. Note that if M' is 
primitive then not all of its principal minors are zero and so its rank^ is equal to n . Then 
rank(-2/p-5z) M — rankj-^/p^z) — ; i-e- columns of M are linearly independent modulo 
. It remains to note that for an arbitrary 5 , linear independence modulo p^ is equivalent 
to linear independence modulo p . Thus i) implies ii). Conversely, suppose that columns 
of M are linearly independent modulo p (and thus modulo p^). Then rankj-^/p^z) M = n 
and using elementary transformations over Z//Z one can find A e such that 



AM = 



/ ai . 


■ ° ^ 


. 


• On 


/ . 


. p^ 


. 


. 







= L (modp^) 



with JJoi ^ (modp) . Moreover, choosing appropriate representatives modulo p^ one 
can assume that a^'s are pairwise coprime. Clearly such L is primitive. Then M' = A~^L 
is congruent to M modulo p^ and also primitive since multiplication by an invertible 
matrix preserves primitiveness. (Indeed, using Binet-Cauchy formula, one can see that 
any principal minor of L has the form 



,m 



E 

l<ai<...<a„<m 



71, ■ 



.,ar 

•■tin 



i.e. it is an integral linear combination of minors of oder n of M' . Therefore gcd of 
principal minors of M' divides gcd of those of L which is equal to 1 since L is primitive.) 
This establishes equivalence of i) and ii). 

To prove equivalence of i) and Hi) it is enough to show that a matrix U' e Z'!^ is 
primitive if and only if it can be complemented to U = ([/', U") E A"^ . This was done in 
a much more general setting (for matrices over arbitrary Dedekind rings) in Lemmas 2.3, 
2.4 and 2.5 of [1]. Here we will present another explanation of this fact for our particular 
case of integral matrices. If U' e Z'!^ can be complemented to U = {U' , U") G A"^ , then 
there exists U'^ = \*A*B) with Ael'^^B e T^-"^ . So we have: 



u-^ ■ U 



AU' AU" 
BU' BU" 



in particular AU' = 1„ . Applying Binet-Cauchy formula one has: 

E I (^)?:.'.".:n"" I • I \ = det{A .u') = i , 

l<7l<---<7ra<'Tl 



which means that an integral linear combination of principal minors of U' is equal to 1, 
i.e. their gcd is 1 and U' is primitive. 
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Conversely, assume first that n = 1 and U' e Z"^ is a primitive column. Using 
induction on m > 2 we want to prove that U' can be complemented to an invcrtible 
matrix. In the base case m = 2 one has U' = W2) with gcd(ui,U2) = 1 . Therefore 
xui + yu2 — 1 for some x,y E Z and then 



ui -y 

U2 X 



as intended. If m > 2 and U' = *{ui, . . . , Um) is primitive, then either tt2 = . . . = Um = 
and we can take 

■ui ... 0' 







since tti = ±1 , or some of U2, ■ ■ ■ , Um are not zero and by induction hypothesis we can 
complement the primitive column V' = *{u2/d, . . . , Um/d) e 1T^~^ to an invertible matrix 
iy'V") e A"^ , here d = gcd('U2, . . . , Um) ■ Note that gcd('Ui, d) = 1 as XJ' is primitive, so 
xu\ -\-yd=\ for some x,y ^Z, and then 



U 



ui y 
dV V" xV 



/ eA' 



since deiU = xui{—l)'^~^ + yd{—l)'^'^^ = ±1. Thus any primitive column can be 
complemented to an invertible matrix. Next assume that n > 1 , e 7i!^ is primitive 
and *{ui, . . . ,Um) is the first column of U' . For any selection 1 < Zi < . . . < i 

m , gcd(wij , • • • , Ui^) divides the minor {U')]^'"'^- 
minors of oder n of U' is equal to 1. Therefore YlT^i ^i"^ 

column ^{xi, . . . , Xm) is primitive, and as we already know it can be complemented to 
a matrix X e A*" . Then ^XU' is primitive with {^XU')ii — 1 . Applying elementary 
transformations to rows of *XU' we can find matrix Y e A"* , such that 



and so gcd('Ui, . . . , Um) 



< 

1 as gcd of 



1 for some Xj G Z . The 



YU' 



1 



,0 



v 



is again a primitive matrix whose minors of oder n are either (in case the minor does 



not include the first row), or have the form 



A/\l,...,n— 1 



1 < ii < . . . < in-i < m . The 



/ii,...,i„_i 

latter implies that gcd of principal minors of V' is 1, i.e. V E Z^Zi is also primitive and 
we can recursively apply the above procedure to it. Continuing in this fashion one can find 
a matrix Z e A"* such that 



/I 



ZU' = 



... 1 



n ■> 



Vo ... 0/ 
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then the matrix W = yZU' \ j is clearly invertible and we can take U = {U', U") = 
■ W to complement U' to an invertible matrix. □ 

We will consider quadratic modules of the form 

Vp4lm) = ((Z//Z)- , qmod/) (1.4) 

obtained by reduction modulo of quadratic module (Z"^,q) whose (scalar product) 
matrix with respect to the standard basis of Z'" is Q , the matrix of q . For a matrix 
M e we will denote by Vps{M) the quadratic submodule of ((Z/p'^Z)'" , qmodp^) 
spanned by the columns of M modulo . 

Lemma 1.4. Let Dp = Dp{d) he a matrix of the form (1.2) and let M G K^DpK^ . 
Then the map M ^ Vp-z (M) defines a bijection of the set of right cosets MA"" C A^DpA."^/ 
A"^ to the set of all subgroups of (Z/p^Z) whose invariants are {p^ , . . . , p^ , p, . . . , p) , here 

d b 

b = m — 2d . 

Proof First of aU we note that if M' e MA"' then clearly Vp2 {M') = Vp2 (M) as 
generators of any of these two groups are integral linear combinations of generators of the 
other. Thus our map is defined coset-wise. Next, let M = UDpV with U,V E and let 
Ui^s denote the columns of U . Then each Vp2[Ui), 1 < i < d is a cyclic group of oder p^ 
and each Vp2 (pUi), d<i<d + b is a cyclic group of oder p . (To see this note that if n is 
the oder of a column W G (Z/p^Z)"^ then nW = (modp^) and so W = (modp^/n) . 
But the gcd of elements of any of C/j's is equal to 1 since UinA^ . Thus the oder oiW — Ui 
is and the oder oiW = pUi is p .) Next we claim that 

Vp2 (M) = Vp2 (C/l) © . . . © Vp2 {Ud) © Vp2 {pUd+i) © ... © {pUd+b) , 

i.e. Vp2 (M) is a direct sum of d cyclic subgroups of oder p^ and b cyclic subgroups of oder 
p. Indeed, 

Vp2 (M) = Vp2 (UDp) = Vp2 (C/i, . . . Ud, pUd+i, . . . ,pUd+b) = 

Vp2{U^) + ...+ Vp2 (Ud) + Vp2 {pUd+l +...+Vp2 (Ud+b) 

and we just need to show that the above sum is direct. To see this consider the following: 
if 

d d+b 

'^^aiUi+p CijUj = (modp^) 

i=l j=d+l 

then U~'^ ■ {Ui, . .., Ud+b) ■ *("!, • • ■,ad,pad+i, ■ ■ -^P^d+b) = (modp^) and so p'^\ai for 
1 < i < d and p\aj for d < j < d + b , thus the zero of the group can be written only as 
the sum of zeros of the subgroups, i.e. the sum is indeed direct. Therefore the invariants 
of Vp2{M) are (p^, . . .,p'^,p, ...,p). 
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Conversely, assume that G C (Z/p^z)"" ' is a subgroup with this set of invariants, i.e. 

G = Vp2{Ki) © ... © Vp2{Kd) © Vp2{Li) © ... © Vp2{Lb) , 

where the oder of each Ki is p'^ and the oder of each Li is p. Since pLi = (modp^) 
then p\Li for 1 < i < b . The integral columns Ki, . . . , Kd,p~^Li, . . . ,p~^Li, are linearly 
independent modulo p (because the sum of the cyclic groups generated by Kj's and L^-'s is 
direct). Therefore, according to the Lemma 1.3 there exists a primitive matrix A e Z^j^ 
such that A = Ki, . . . , Kd,p~^Li, . . . ,p~^Li,) (modp^) which can be complemented to an 
integral invertible matrix A' e A"^ for which 

G = Vp2{Ki,...,Kd,Li,...,Lb) = Vp2{Ai,...,Ad,pAd+i,...Ad+b) = Vp2{A'Dp) . 

Thus any G C (Z/p^Z)"^ with invariants (p^, . . . ,p'^,p, • • • ,p) has the form Vp2(A'Dp) for 
some A' eA"^ . □ 

The above Lemma allows us to replace summation over M e K^DpK^ / h.^ in (1.3) by 
summation over different submodules Vp2{M) C (Z/p^Z)"" with M e K'^DpK^ . Further- 
more, conditions q[M] = (modp^) , M\K in (1.3) mean exactly that Vp2[M) should be 
an isotropic submodule of quadratic module Vp2{l^) = ((Z/p^Z)"^, qmodp^) containing 
a fixed vector K . In order to find the total number of such submodules (and thus to com- 
pute the isotropic sum (1.3)), we will first determine the total number of bases of certain 
kind which generate modules of type Vp2 (M) , M e A^DpA^ and then factor this number 
by the number if different bases generating the same module. We start with exhibiting the 
bases of Vp2 (M) we are interested in. We choose 

{U-Dp; U e A^/(DpA^D-^ n A"^)} 

as a complete system of representatives from classes MA"^ e A'^DpA'^/A"^ and let Ui , 1 < 
i <m denote the columns of matrix a U . Then any isotropic module 

Vp2 (M) = Vp2 {U Dp) = (C/i , . . . , Ud,pUd+i pUd+b), where b = m-2d. 

Using Lemma 1.3 we replace condition U e A™' with requirement that t/i, . . . , Ud+t should 
be linearly independent modulo p. Then the condition q[M] = q[UDp] = (modp^) 
should be replaced with 



^UiQUj = (modp2) , ifl<i<j<d, 

*UiQUj = (modp) , iil<i<dandd+l<j <d + b. 



Conversely, it is easy to see that any (ordered) collection {Ui, . . . , Ud+b} C (Z/p^Z)^ x (Z/ 
pZ)^ of linearly indepemdent modulo p vectors satisfying (1.5) defines a basis 

Ui,...,Ud,pUd+i,...,pUd+b (1-6) 

of an isotropic module of the form Vp2{M), M e K^DpA.^ . From now on, when referring 
to a basis of the form (1.6), we will always assume that vectors {t/i, . . . , C/^+b} C (Z/ 
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p^Zy X (Z/pZ)^ are linearly independent modulo p and satisfy (1.5). Let us find the total 
number of such bases. 

Lemma 1.5. Under the above notations there exist 

d-l 

pd{m+b-i) . \CLb{¥p)\ ■ JJ(/^^-^) - 1) , where k={m-l)/2 , 

8=0 

different (ordered) bases of the form (1.6). 

Proof. We note first that Ui, . . . ,Ud should form an isotropic system of vectors of the 
quadratic module 1/^2 (1^) , see (1.4), i.e. a system of linear independent modulo p vectors 
spanning an isotropic submodule. In particular they should also form an isotropic system 
of d vectors in Vp{lm) ■ The number of isotropic systems in V^(lm) consisting of d vectors 
was computed in [3], Proposition A. 2. 14 and equals to 

pd{d-l)/2(^2k _ l)(p2(fe-l) _iy (^2{k-d+l) _ -^^ 

It remains to compute in how many ways such a system modulo p can be lifted to an 
isotropic system in V^2(l^) . Note that any vector L G (Z/pZ)"^ splits into p^ different 
vectors of the form L + pX in (Z/pZ)"^ . Therefore, if {Li, . . . , L^} is an isotropic system 
in Vp{lm) , then {Li + pXi, . . . , + pX^i} would form an isotropic system in lp2(l^) if 
and only if 

\Li+pXi)Q{Lj+pXj) = *LiQLj + p^LiQXj + *XiQLj) = (modp^) 

for 1 < i < j < d . (We do not worry about linear independence of the vectors because 
linear independence modulo p^ is equivalent for any 6 to linear independence modulo p , 
as we already noted in the proof of Lemma 1.3.) The above congruences form a system of 
d{d+ l)/2 linear equations (over Fp) with respect to md unknowns - elements of columns 
Xi . Since columns Li , 1 < i < d are linearly independent modulo p , the rank of the 
matrix of this linear system as well as the rank of its extended matrix is equal to d{d+ 1)/ 
2 and therefore the system has 

pdTn-d{d+l)/2 7) 

solutions in ¥p . (Note that this is exactly the number of different isotropic systems in 
Vp2{lm) which lie above a fixed isotropic system in Vp{lm) ■) We conclude that there exist 

d-l d-l 
md-d{d+l)/2 „d(d-l)/2 TT/ 2(fc-s) _ -,\ _ d(m-l) Ti 



p - ■ " -p 



JJ(^2(/c-«) ^d(m-l) . JJ(/(fe-s) _ 



8=0 8=0 



different isotropic systems {t/i, . . . , Ud} C Vp'2[lm) ■ In how many ways such a system can 
be extended to an isotropic basis of the form (1.6)? From (1.5) one can see that each 
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Uj,d<j<d + b should be orthogonal to the linear span of Ui, . . . ,Ud, i.e. it should 
satisfy the following system of linear equations 



yUdQ, 



( yi 



= (modp) 



over ¥p . The above system has m — d = d + b linear independent (modulo p) solutions. 
Besides, each of Ui , 1 < i < d is its solution. Therefore the remaining (ordered) set 
Ui,d+l<i<d + b can be chosen in 



/^•|G'L6(Fp)| 



(1.8) 



different ways. Multiplying (1.8) by the number of different isotropic systems of d vectors 
in Vp2{ljn) computed above, we deduce the result of the Lemma. □ 

Next we need to determine which of the bases in question generate the same isotropic 
module. Assume that {Ui, . . . ,pUd+b} and {Vi, . . . jpVd+b} are two (ordered) bases of the 
form (1.6) such that Vp2{Ui,.. .,pUd+b) = Vp2{Vi, . . .,pVd+b) ■ Then 

iVi,...,Vd,pVd+i,...,pVd+b) = iUi,...,Ud,pUd+i,...,pUd+b)- (^^ (modp^) , 

where A e Zj , B e Zf , C e Z''^ , D e . Because (Ui,..., Ud+b) ■ (^^^ ) ^ ^ (modp) , 
then necessarily B = (modp) . Since vectors 



{V,,...,Vd+b) = {Ui,...,Ud+b) 



A p-^B 



pC D 

are linearly independent modulo p , then the system of congruences 

/ 71 \ 



(modp^) 



A p-^B 
pC D 



(modp) 



\ld+hj 

should have only trivial solution, for which it is necessary and sufficient that 

A p-^B 



pC D 



e GLd+b{^p) , 



i.e. A e GLd(Fp) and D e GLb(Fp) . Therefore two sets of vectors {t/i, . . . ,pUd+b} and 
{Vi, . . . ,pVd-\-b} generate the same isotropic module only if they differ by a matrix from 
the group 



r = 



A B 
C D 



e GLd+bi'^/p'Z) ■ 



A e GLd{Z/p^Z), D e GLb{Z/p'^Z), B = (modp) 



(1.9) 



14 



F. ANDRIANOV 



Clearly the converse is also true. Thus F acts transitively on the set of bases of the 
form (1.6) of an isotropic module of type Vp2{UDp) . Let V denote stabilizer of a basis 



(Ui,..., Ud,pUd+i, . . . ,pUd+b) under this action and let ^ ^ ^ ^ 



e r , i.e. 



{Ui,...,Ud,pUd+i,...,pUd+b)- { (J _ ^ ) = (mod/) 

Because UiS are linearly independent over Fp , the last congruence is equivalent to the set 
of conditions: A = Id (modp^) , B = (modp^) , C = (modp) , D = 1^ (modp) . 
Combining this with (1.9) one can see that the cardinality of F modulo the stabilizer F' is 
given by 

|r/F'| =pdid+2b) . \GL,i¥p)\ ■ \GL,i¥p)\ 

and this is the number of different bases of form (1.6) generating some fixed isotropic 
module of the type Vp^^UDp), U e A"^ . Using Lemma 1.5 we conclude that the number 
of different isotropic modules of the type we are interested in is equal to 

d-i 

Sp.{q,Dp,0)=p^^^-'^ . \GLd{¥p)\-' ■ n(/^'"'^ - 1) , (1-10) 

where k — (m — l)/2 and e Z"^ is the zero vector. We note also that since the zero 
vector belongs to any submodule of Vp2{l^) , then «Sp2(q, Dp, K) — 5^2 (q, Dp, 0) in case 
K = (modp2) , see (1.3). 

In order to finish our computation of isotropic sums (1.3), we still need to find the 
number of isotropic modules of the form Vp2 (UDp), U G A"^ , which contain a fixed nonzero 
isotropic vector K G (Z/p^Z)"' . It will be more convenient to consider two separate cases: 
either K ^ (modp) , or K = (modp) but K ^ (modp^) . 

Lemma 1.6. Under the above notations, assume that K ^ (modp) . Then there 

exist 

d-i 

Sp2ici,Dp,K) = (p^ - 1) • \GLd{¥p)\-' ■ n(/^'"'^ - 1) 

s=l 

different isotropic modules of the form Vp2{UDp), U G A"^ , which contain the vector K . 

Proof If K G Vp2{UDp) = Vp2{Ui,...,Ud,pUd+i....,pUd+b) and K ^ (modp) 
then this vector can be complemented to a basis {Vi, . . . , K, . . . , Vd,pVd+i, ■ ■ ■ ,pVd+b} of 
Vp2 (U Dp) . As we already know, such a basis differs from {Ui, . . . , pUd+b} only by a matrix 
from F, see (1.9). Moreover, if 



d d+b 

K = J2^^U,+p J2 ^jUj (modp2) , (1.11) 
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then among the first d columns of a matrix from F which transforms {Ui, . . . ,pUd+b} into 
{Vi, . . . , . . . , Vd^pVa+i, ■ . . ,pV(i+b} there should be a column of the form 

*(7i, • • • , 7d, I'd+i, I'd+h) with 7j = 7j- (modp) for d + 1 < j < d + 6 . 
Since there exist exactly 



pa _ I 



cf+b'^+3db-d-b 



different matrices from F with this property, then dividing by the oder of the stabilizer 
|F'| we deduce that a fixed isotropic module Vp2(UDp) contains 

• \GLd{¥p)\ ■ \GLb{¥p)\ .pd'+^db-d-b (;l.12) 

different bases of the form {Vi, . . . , K, . . . , V^, pV^+i, ■ ■ ■ , pV^+b} ■ Now we just need to find 
the total number of bases of the form (1.6) which contain K among their first d vectors. 
We will proceed in a fashion similar to the proof of Lemma 1.5: first we compute the 
number of isotropic systems of d vectors in (Z/p^Z)"^ containing the column K and then 
multiply the result by the number of ways such an isotropic system can be extended to 
an isotropic basis of the form we are interested in (the latter was already computed in the 
course of proof of Lemma 1.5, see (1-8)). 

We already have noted above that any isotropic system modulo p^ is also an isotropic 
system modulo p . Therefore we start with computation of the number of isotropic sys- 
tems of d vectors in (Z/pZ)'^ containing Kmodp. We use induction: assume that 
Xi, . . . ,Xn-i e (Z/pZ)™ form an isotropic system. In how many ways it can be com- 
plemented to an isotropic system of n vectors? Since Xi, . . . , Xn-i form a basis of the 
isotropic subspace Vp{Xi, . . . , X^) of nondegenerate quadratic space Vp{lm) then there 
exist vectors X(, . . .X^_i G Vp{lm) such that each pair Xi, X'- , 1 < i < i — 1, is hyper- 
bolic, i.e. vectors Xi,X^ are isotropic, linear independent and ^XiQX^ = 1 (modp) , see 
[3], proposition A.2.12 or [9], Satz 2.24. Then the spaces Vp{Xi,X^) , 1 < « < n - 1 are 
(nondegenerate) hyperbolic planes and 

Vp{lm) = Vp{Xi,X[) © Vp{Xn-l,X'^_,) © V 

is a direct sum of pairwise orthogonal subspaces. Therefore a vector Y e Vp{lm) can be 
isotropic and orthogonal to each of Xj's only if 

n-l 

Y = '^aiXi + v (modp) , 

where v is an isotropic vector of V . The vectors Xi, . . . , Xn-i, Y will be linearly indepen- 
dent only a V ^ (modp) . Since V is nondegenerate and dimF = m — 2(n — 1) then 
the number of nonzero isotropic vectors in it equals to p'^^-'^n+i _ ^ ^ggg j-gj^ Proposition 
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A. 2. 14). Thus the vector Xn complementing {Xi, . . . , Xn-i} to an isotropic system of n 
vectors can be chosen in p'^-i(^p'^-2Ti+i _ \^ ways. Using induction on n we conclude that 
a fixed isotropic vector K ^ (modp) can be complemented to 

d-1 

pd{d-l)/2 . -|--|-|.^2(fc-s)-l^ 

s=l 

different (ordered) isotropic systems {K, X2, . . • , Xd} C V^(lm) • Clearly, the total number 
of isotropic systems of d vectors in Vp{lm) containing K is d times that. Next we need to 
lift our solution to Vp2{l^) keeping in mind that K is fixed modulo . Since any vector 
X e (Z/pZ)"^ splits in (Z/p^Z)"^ intop"^ different vectors X+pY , Y e (Z/pZ)"^, we need 
to look for isotropic systems of the form 

{X^+pY^, ...,K = X,,...,Xd + pYd}G (Z//Z)^ . 

Such a system will be isotropic modulo p^ if and only if 

^KQY. = --^X^QK (modp) ; 
p 

'XsQYj + 'XjQYs = ~'X,QXj (modp) for s.ji^i . 

This is a system of {d—l){d + 2)/2 linear nonhomogeneous equations in m{d — l) variables 
(elements of columns Uj, j 7^ i) over ¥p . Since the columns Xi, . . . , Xi = K, . . . , Xa are 
linearly independent modulo p , so are the columns QXi, . . . , QXd , and therefore the rank 
of the matrix of the above system as well as the rank of its extended matrix is equal to 
{d -l){d + 2)/2 , which implies that it has p(d--^)('^-{d+2)/2) solutions. We conclude that 
1^2(1^) contains 

a=l 

different isotropic systems of d vectors one of which is K . According to (1.8), each of 
these systems can be complemented to a basis of the form (1.6) of some isotropic module 

Vp2(UDp), U e A™' in p^''\GLt{¥p)\ different ways. Multiplying the last two numbers we 
get the total number of bases of the form (1.6) which contain K among their first d vectors. 
Dividing the latter by (1-12) we finally deduce the result of the Lemma. □ 

It remains to consider the isotropic sum Sp2 (q, Dp, K) in the case when = (modp) 
but K ^ (modp^) . Let i^T G Vp2{UDp) for some U = (C/i, . . . , Um) G A"^ and assume 
(1.11). Then *(7i, . . . ,7(j) = (modp) and we are faced with two possibilities: 

(z) (7d+i, . . . , 7d+{,) ^ (modp) ; 

{ii) ild+i, Id+b) = (modp) , (71, . . . , 7^) ^ (modp^) . 

In the first case the column *{'yi, . . . ,'yd+b) can be complemented to a matrix from F, 
see (1.9), and in the second case this is impossible. Note that the type of representation 
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(1.11) of the vector K does not depend on the choice of basis of Vp2{UDp) . Therefore, 
if i^T = (modp) but K ^ (modp^) then there exists two distinct types of isotropic 
modules which contain K : in modules of the first type there exist a basis of the form 
{Vi, . . . , Vd, pVd+i, . . . ,K, . . . , pVd+b} , but in the modules of the second type there are no 
such bases. In the two following Lemmas we compute the number of isotropic modules of 
each these two types. 

Lemma 1.7. Under the above notations, assume that K = (modp) but K ^ 
(modp^) . Then the number of isotropic modules of the form Vp2[UDp), U G A"* for 
which (1-11) imphes case (i) above is equal to 

Vp ■ - Xqb)ep)(/-^ + xMsp) nt;(p'^'~'^ - 1) ' if ci{p-'K) ^ (modp) , 

Vp ■ nti(p'^'"'^ - 1) ' if ci{p-'K) = (modp) . 

Here 7]p = p'^'+^-\p^ -l)\GLi,-i{¥p)\\GLd{¥p)\-^\GLb(Fp)\-\ the character xM of the 
form q is defined via (2.4) below and Sp — Sp (q(p~^iir)) is given by the Legendre symbol 

£p(a) = (—] , a e N . (1.13) 



Proof As we already noted above, if an isotropic module satisfies conditions of the 
Lemma, then it has a basis of the form {Vi, . . . , Vd, pVd+i, . . . ,K, . . . ,pVd+b} ■ Thus we 
need to compute the total number of bases of the form (1.6) which have K among the last 
b vectors, and then divide it by the number of such bases generating the same isotropic 
module. The latter is equal to the number of matrices in T (1.9) one of whose last b 
columns is fixed modulo {Z/p^ZY x (Z/pZ)** divided by the oder of stabilizer |r'| : 

6(/-l)-^|GLd(Fp)|-|GLi,(Fp)|/'+2*-<^ . (1.14) 

Now we need to compute the total number of bases of the form (1.6) which have K among 
their last b vectors. Assume first that q{p~^K) ^ (modp) , i.e. the column p~^K 
is anisotropic. Then Vp{ljn) = yp{p~^K) © V , where V is an orthogonal complement 
of Vp{p~^K) (see [9], Satz 1.15). The module V is nondegenerate and its dimension 
dimV = m — 1 is even. Any vector orthogonal to p~^K belongs to V and in particular 
is linear independent (modulo p) with p~^K . Therefore first d columns of a basis of the 
type in question should form an isotropic system in V . According to Proposition A. 2. 14 
of [3] , the number of such systems is equal to 

d-l 

^d(d-l)/2(^. - Xq(p)ep)(/-'^ + Xq(p)%) Jlip"^^-'^ - 1) , (1.15) 

s=l 

where Ep = Sp (ci{p~^K)) is the Legendre symbol (1.13). Each of these systems splits 
into pd-m-d{d+i)/2 jigferent isotropic systems in Vp2(lm) , see (1.7), any of which can be 
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chosen as first d columns of a basis of the form (1.6). Now we need to find in how many 
ways an isotropic system Ui, . . . , Ud, K can be complemented by 6 — 1 vectors from (Fp)"^ 
to form a basis of the type (1.6). Orthogonality conditions imply that elements of each 
of the complementary columns should satisfy the following system of linear homogeneous 
equations: 

/*UiQ\ /yi\ 

■ ■ '■ =0 (modp) 
yUdQj \ym) 

This system of d equations in m variables over Fp has d + b linear independent modulo p 
solutions which can be chosen in the form d — (t/i, . . . , V2, • • • , H) • Any other 

set of linear independent solutions has the form ■§ ■ M with M e GLd+bi^p) ■ Among such 
matrices M there are exactly b\GLi,_i{¥p)\p^^~^'>^'^~^^ matrices which do not change the 
first d columns of the basis and leave p~^K intact (possibly changing its position). And this 
is exactly the number of different (modulo p) sets of vectors pUd+i, . . . , i^, . . . , pUd+b which 
complement a given isotropic system Ui, ... ,Ud to a, basis of the form (1.6). Multiplying 
this number by (1.15) times (1.7) and dividing by (1.14) we deduce the statement of the 
Lemma in the case when q{p~^K) ^ (modp) . 

We turn to the case of an isotropic vector p~^K G 17^ . Assume that c[{p~^K) = 
(modp) and let V C V^(lm) again denote its orthogonal complement. We see that 
dim V = m—1 again but now V is degenerate: it has nontrivial radical rad V = Vp{p~^K) . 
Nevertheless, V = rad V ®W , where 1^ is a nondegenerate subspace orthogonal to rad V . 
The first d vectors of a basis of the type we are interested in should form an isotropic 
system in V . Suppose that Ui, ... ,Ud is a set of elements of V . Each of these vectors can 
be uniquely represented in the form 

Ui = aip~^K + Wi (modp) , where ctj e Fp , e . 

Naturally, each of UiS is orthogonal top~^K . They will be isotropic an pairwise orthogonal 
if and only if ^WiQwj = (modp) for 1 < i < j < d. Furthermore, the columns 
Ui, . . . , Ud,p~^K will be linearly independent (modulo p) if and only if wi, . . . ,Wd € W 
are linearly independent. We conclude that Ui, . . . ,Ud will be an isotropic system if and 
only if wi, ... ,Wd form an isotropic system. The number of isotropic systems of d vectors 
in W is equal to 



d 



p 



-l)/2.-Q(^2(fc-.)_;L) 



(see [3], Proposition A. 2. 14). Multiplying this number by p'^ we get the number of different 
isotropic systems in V consisting of d vectors linear independent with p~^K . The rest of 
the computations completely coincide with the case of anisotropic p~^K and lead to the 
result stated in the Lemma. □ 



Let us turn to the second case. 
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Lemma 1.8. Under the above notations, assume that K = (modp) but K ^ 
(modp^) . Then the number of isotropic modules of the form Vp2[UDp), U e A™ for 
which (1-11) implies case (ii) above is equal to 



Proof Let {Ui, . . . ,pUd+b} be a basis of the form (1.6). Assume that (1.11) holds 
for some column ^{■yi, . . . ,jd+b) ■ Then the conditions (71, . . . , 7d+&) = (modp) and 
(7i,...,7rf) ^ (modp^) will hold if and only if G V^(L''i, t/rf) . But the subspace 

Vp{Ui, . . . , Ud) C Vp{lm) is isotropic, therefore the column *(7i, . . . ,7d+b) satisfies (ii) if 
and only q(p~^i^) = (modp) , otherwise there exist no isotropic modules which would 
satisfy the conditions of the Lemma. This proves its first case. 

Suppose now that c{{p~^K) = (modp) . In order to find the number of isotropic 
modules we are interested in, we need to divide the number of different bases of the form 
(1.6) for which p~^K G Vp{Ui, . . . , Ua) by the number of different bases of the form (1.6) 
which generate the same isotropic module, i.e. by |r/r'| computed above, see discus- 
sion immediately following (1.9). Next, the number of bases of the form (1.6) with the 
property in question is equal to the product of the number of different isotropic systems 
{Ui, . . . ,Ud} G Vp2(l^) for which p~^K G Vp{Ui, . . . ,Ud) multiplied by the number of 
ways an isotropic system of d vectors can be complemented to a basis of the form (1.6), 
i.e. by p'^^ ■ \GLi,{¥p)\ , see (1.8). According to (1.7), the number of isotropic systems 
{Ui, . . . , Ud} G Vp2(lm) for which p~^K G Vp{Ui, . . . , Ud) is equal in turn to the num- 
ber of isotropic systems {Ui, . . . , Ud} G V^(lm) for which p~^K G Vp{Ui, . . . , Ud) times 
pdm-d{d+i)/2 xhus it remains to find the number of isotropic systems {C/i, . . . , Ud} G 
V^(l^) for which p~^K G Vp{Ui, . . . , Ud) ■ Since K ^ (modp^) then p~^K is a nonzero 
isotropic vector of Vp{lm) , and so if p~^K G Vp{Ui, . . . , Ud) then p~^K can be comple- 
mented to a basis of Vp{Ui, . . . , Ud) ■ Therefore the number of different isotropic systems 
in Vp{lm) with the property in question is equal to the number of isotropic systems of d 
vectors in Vp(l^) containing the vector p~^K (which was computed in the proof of Lemma 
1.6) divided by dp'^~^ ■ \GLd-i{¥p) \ , i.e. by the number of such isotropic systems generat- 
ing the same module, and multiplied by \GLd{^p) \ , i.e. by the number of different bases 
of a d-dimensional linear space over Fp . This finishes the proof of the Lemma. □ 

Combining the results of Lemmas 1.4 and 1.6-1.8 along with formulas (1.3) and (1.10), 
we deduce the following Theorem: 

Theorem 1.9. Let q be an arbitrary integral nonsingular quadratic form in an 
odd number of variables m = 2k + 1 > 3 , and let p be a rational prime not dividing 
the determinant det q of the form q . Then for each integral column K G Z"^ such that 
c^K] = (modp^) the value of the isotropic sum (1.3) is given by 




Sp2{q,Dp{d),K) 



ap{d) ■ {1 + {epXq{p)p'' ^ + 



'P 



id))-S^p-iK)+p'^-^-Sip-2K)} , (1.16) 
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where Dp{d) , 1 < d < k is a matrix of the form (1.2), Sp = Sp {c{{p~^K)) is given by the 
Legendre symbol (1.13), the character Xq(p) of the form q is defined via (2.4), S(^x) ^'s the 
generalized Kronecker symbol (2. 7) and 

d-i 

ap{d)=p^-'' ■ n(p'^'-^^ - i)/(i -p-^) , 

pin— 2 p'^~^ 

KJd) = J 1 

^ pd_i 

Proof. It is well-known that for n> 1 

n—l n 

\GLn{¥p)\ = i[{p^-pn=p^' ■ n(i -p~n ■ 

8=0 S=l 

We also put \GLo{¥p)\ = 1 and note that |G'L^_i(Fp)|-i • \GLn{¥p)\ = p^-^ ■ (p^ - 1) . 
Assume that K ^ (modp) , then according to Lemma 1.6 

d-i 

SpM.Dp{d),K)=p^''-^)'-''\''-l) . (1 -p-'')-^ ■ n(p'^'"'^ - 1)/(1 -P"') = ocp{d) , 

8 = 1 

which coincides with the right-hand side of (1.16) for such K since 5(p-i^-) = 5(p-2j^) = 
in this case. Next, assume that K = (modp) but K ^ (modp^) . Combining results 
of Lemmas 1.7, 1.8 and employing a rather straightforward calculation one can see that 
Sp2 (q, Dp{d), K) is equal to 

d-i 

if q(p~^K) ^ (modp) and 

d-i 

ip^ - ir'ip-+'-' - 1) • n(/^'"'^ - i)/(i -p~n , 

8=1 

if ci{p~^K) = (modp) . Note that in the latter case the symbol Sp = Sp (q(p~^JC)) in 
(1.13) is equal to zero and that otherwise £p = ±1 . Therefore 

Sp.{^,Dp{d),K) = 

d-l 

ip<^ - 1)-' ■ - 1 + epXq(p)/(l -P-')) • n(^''^'"'^ - ^)/(^-P~') = 

8=1 

ap{d)-{l + £pXq(p)/"^ + i^pid)} 
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which coincides with the right-hand side of (1.16) for = (modp) , K ^ (modp^) . 
FinaUy, ii K = (modp^) then Sp = and, using (1.10) we have 

Sp2 (q, Dp{d), K) = ap{d) ■ /"^ ■ {p^' - l)/(/ - 1) , 

which coincides with the right-hand side of (1.16) for such K . □ 

Summing up the equahties (1.16) over d ranging from 1 to A; = (m — l)/2 we imme- 
diately deuce the foUowing 

Corollary 1.10. Under the notations and assumptions of Theorem 1.8, 

k 

^5p2(q,Dp(c/), K)^cp-{1 + (£pXq(p)/"^ + c-^(3p) ■ 5^p-iK) +p'^~^ ■ S^p-2K)} , 

d=l 

where Cp — Cp(q) and (3p — (3p{q) are given by (2.3). 

We have finished computation of the isotropic sums of type (1.3). In order to apply 
the results of Theorem 1.9 and Corollary 1.10 to investigation of multiplicative arithmetic 
of integral representations by quadratic form q , we need to rewrite the isotropic sums in 
a slightly different terms. Recall that the Minkowski reduction theory of quadratic forms 
(see [3] for example) shows that the similarity class of a nonsingular integral quadratic 
form in m variables is a finite union of mutually disjoint classes of integrally equivalent 
quadratic forms. Let us fix a complete system 

{qi,---,qft} 

of representatives of different equivalence classes contained in the similarity class of q. 
Then the isotropic sum (1.3) can be rewritten as follows. The condition q[M] = (modp^) 
means that q[M] = p^q' , where q' is an integral quadratic form in m variables. Since 
det M = det Dp = then det q' = det q and thus quadratic form q' is similar to q . Since 
M is defined only modulo right multiplication by A'" , we can replace q' by any (integrally) 
equivalent form q'[t/] , U G A'" . In particular we can assume that q[M] = p^qi for exactly 
one of qi's, l<i<h and M e {R{q,p'^qi) n hJ^Dp{d)K'^) /A"" for some d. Furthermore, 
if M, MU e i?(q,p2q.) n K^Dp{d)K^ where U e then U e R{qi, q^) = E{(ii) and so 
M e i?(q,p2q.)/E(q.) n K^Dp{d)K^ . Therefore 

h 

Sp.{ci,Dp{d),K) = J2 E 1 • (1-17) 

»=1 Me(i?(q,p2q.)nA"'Dp(d)A'^)/S(qi)I/om6do'^ 

M\K 

Next we note that according to the Lemma 1.2 the set of primitive automorphs i?*(q,p^qj) 
is a disjoint union 

R*{ci,p\i) = U (i?(q,p'qO n X^Dp{d)A^) . 
l<d<(m-l)/2 
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Therefore summing both sides of (1.17) over d ranging from 1 to (m — l)/2 and applying 
CoroUary 1.10 we deduce the following Theorem: 

Theorem 1.11. Let q be an arbitrary integral nonsingular quadratic form in an 
odd number of variables m = 2k + 1 > 3 , and let p be a rational prime not dividing the 
determinant det q of tie form q . Let {qi, . . . , q/j} be a complete system of representatives 
of different equivalence classes contained in the similarity class of q . Then for each integral 
column K e I/^ such that q[i^] = (modp^) we have 



h 





1 = 



»=1 Mefl*(q,p2q,)/£(q,) 
M\K 



m-2 



•V^K)}, (1-18) 



where the symbol Sp = Ep (q(p ^K)^ is defined in (1.13), Xq(p) the character (2.4), 5(^x) 
is the generalized Kronecker symbol (2.7) and Cp = Cp(q),/?p = /?p(q) are given by (2.3). 
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2. Action of Hecke operators on theta-series 

In case when q is positive definite, the numbers r(q, n) are finite and one can consider the 
theta-series 

and show that it is a (classical) modular form of weight m/2 and some character with 
respect to a certain congruence subgroup (see, for example [3], Theorem 2.2.2). Although 
theta-series generally are not eigenfunctions of Hecke operators, but the spaces spanned by 
theta-series which come from a fixed similitude class of quadratic forms are invariant under 
the action of Hecke operators. The fundamental discovery of M. Eichler [6] is that in this 
situation the corresponding eigenmatrices ( " Anzahlmatrizen" in Eichler 's terminology) are 
purely arithmetical and can be defined without any reference to modular forms. (The same 
phenomenon occurs in case of Siegel modular forms of arbitrary degree, as was shown by 
E. Freitag [7] and A. Andrianov [3].) 

More specifically, let {qi, . . . , q/^} be a full system of representatives of different equiv- 
alence classes of the similarity class of q and let p be a prime number which does not divide 
det q, then 

^ i<i</i ^^^^ 

if m (the number of variables of q) is even and 



e(^,q)|^T(/) = c,-^-( Yl ^^^^^^^e(^,q,)-/?^e(^,q)) , (2.2) 



if m is odd. Here 



Cp = Cp(q) 



1 ifm = 2, 

mi+Xq(py) ifm = 2/c>2, 

i=o (2.3) 
En' ifm = 2A: + l>3, 

o=l i=l 



Pp - PpK^l) - II l_ -i ■ p«-i(p«-l) 
a=l ^i=l y J 

and the quadratic character Xq(p) is given by the Legendre symbol 



= (tD!^) . (2.4) 



P 



For a detailed proof of formula (2.1) for the action of Hecke operators T{p) on theta-series 
of integral weight see Chapter 5 of [3] and specifically Theorem 5.2.5 there. The second 
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formula (2.2) for the action of Hecke operators T{p^) on theta-series of half- integral weight 
easily follows from combination of Theorem 1.7 of [12] and Theorem 1.11 above: 

Proof of Formula (2.2). Assume that q is a positive definite (integral) quadratic form 
in an odd number of variables m = 2k + l >3. Then using Theorem 1.7 of [12] we have 

G(z,q) 1^ T(/) = J2 |r(q,/n) +X.(P) (—) /-^(q, n) + p™-V(q, n//) | • e^--^ , 

where we understand that r(q, n/p^) = if / n . On the other hand, summing up both 
sides of (1.18) over K e i?*(q,p^n) for some n e NU {0} we conclude that the left-hand 
side 



i=l Arefl(q,p2n) MGfl*(q,p2q,)/£(q,) «=1 Mefl*(q,p'qi) 

M\K LeR{cii,n) 



E E 



E 



i=l 



e(qi) 



ri(li,n) 



is equal to the right-hand side 

J2 Cp-{1+ (£p(n)xq(p)/"^ + CpVp) • 5(p-iK) • S{p-^K)} = 

Keii(q,p2n) 

Cp • {r(q,p2n) + (£p(n)xq(p)/"^ + Cp^p) r{q,n) + p'^-'^r{q,n/p'^)} 



Thus 



E 



r*(q,p2q.) 



e(qi) 



r(qj,n) -/3pr(q,n) 



coincides with the n*'^ Fourier coefficient of 6(2;, q)| ^T(p^) , and on the other hand it 
is equal to the n*'* Fourier coefficient of the series on the right-hand side of (2.2). This 
finishes the proof of (2.2) because of the uniqueness of Fourier decomposition. □ 

One can easily see that in case of odd number of variables the formulas are not as nice 
as when m is even. (Unfortunately this is always the case.) Since we can substitute for 
q any of q^ , 1 < i < h, the above formulas lead to the so-called Eichler's commutation 
relation: 



e(z,qO 

e(qi) 



^T(p^) = c-^-(t*(pO-/3p5(n^)U) 



e(^,q,) 

e(qj) 



V 



(2.5) 



where 



1 if m = 2A; is even, 

2 if m = 2A; + 1 is odd. 
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the square matrix of oder h 

t*(pO=t;(pO=(^%fY^) (2.6) 

is the Eichler's "Anzahlmatrix" (with multiplier p*") and b is generalized Kronecker symbol 
defined by 

^ _ f 1 , if X is an integral matrix, ,^ 
'^^^ 1^ , if matrix X is not integral. " 

Finally, following C. L. Siegel one can consider the generic theta-series 

h 

and show that for p/detq it is an eigenfunction of corresponding Hecke operators T(p'') 
with eigenvalues ^ ^^(^.^^^ ~ (f^ ~ ^)Pp) i ^ is either 1 or 2 depending on the parity 

of m. In case m is even and det q = 1 the generic theta-series is proportional to the 
Eisenstein series of weight ^. (This implies the famous Siegel theorem on mean numbers 
of integral representations in the case of quadratic forms of determinant 1 , see for example 
Exercise 5.1.18 in [3].) 

The above formulas together with remarkable multiplicative properties of correspond- 
ing Hecke algebras (see [3] ) reveal multiplicative relations between the Fourier coefficients 
of the theta-series which are best expresses in terms of associated zeta-functions: 

in case m = 2A; is even and a is any non-zero integer, or 

n { ^ " Vt(a) (2 9) 



For r(n) we can substitute either the column- vector *(..., , . . .) or the mean number 



in case m = 2/c -|- 1 > 3 is odd and a is a square-free integer 

Y^^.^^ iMi^. The first case corresponds to Fourier coefficients of the vector-valued mod- 
ular form *(..., .^l^iSil _ _ _] the second — to Fourier coefficients of the generic theta-series 

V ' e(q3) •• I * . 

G|q}(2). Then t*(p'') stands for either Eichler's matrix (2.6) or the average ^e^q^)*^^ 
respectively. In any case the formulas (2.8) and (2.9) give us explicit expressions of mul- 
tiplicative relations between the numbers r(q, n) of integral representations of integers by 
quadratic forms. The well-known formula (2.8) easily follows from (2.5) and Exercise 4.3.6 
of [3] for example. A proof of the formula (2.9) follows below. 
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Proof of Formula (2.9). Let x{n) = *(..., ^i^^, • • •) and let i*(p'^) be Eichler's matrix 
(2.6). Substituting quadratic form (ij ,1 < j < h (from the full system of representatives 
{qi, . . . ,q/i}) in place of q in (1.18), dividing both sides by e(qj) and summing up over 
K e i?*(qj,p^n) in the same way we did for the proof of (2.2), we conclude that 

-1 r*{(ij,p'^qi) r(q^,n) ^ 

{r(qj,/n) + (£p(n)xq(p)/"^ +Cp Vp) r{qj,n) + p'^~^r{qj,n/p'^)} , 

for any j, 1 < j < h and any n e N U . In matrix notations: 

Cp ' • t*(p2) . c(n) = r(p2n) + (£p(n)xq(p)/"' + c^^Pp) ■ t{n) + p"^'^ ■ x{n/p^) . 

The last equality implies the following identities for the following formal power series in t 
with coefficients in : 

(U - c;\i%p') - p^)t+p^-H') ■J2^{p''a)t' = 

S>0 

r(a) + (r(p2a) - c^Hi^p') " /3p)t(a)) + 

{<p''a) - c-\e{p') - /3,)r(/(^-^)a) +p-^t(/(^-^)a)} = 

(5>2 

[ih - ep{a)xMp^~^t) •r(a), 

where a is an arbitrary integer not divisible by p^ . Define formal power series in t with 
coefficients in by 

Ih - ep{a)xqip)p''~H 

(5>0 

in other words 



^ ^ U - cp\t*{p^) - (3,)t+p^-H^ 



t:(i) = 

t:(p') = (cp-^(t*(p^)/5p)-ep(a)xc(p)/-^)-U, 
t:(p'') = c-Ht*(p^)-/?p)t:(()p2(^-i))-p— n:(p2(^-2)), for5>2. 

Then formally 

J]r(p2^a)t^ = J]t:(p2^)t^-r(a) 

(5>0 (5>0 

and so r(p^''a) = KiiP^^) ' ^l*^) for (5 > and a not divisible by p'^ . Define 

I 



i:{n') = Yl^i:{pf^), if n = p^...-pf , 
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here pj's are distinct prime factors of n and 5-, 's are their corresponding orders. Note 
that the definition does not depend on the oder of the factors. To see this it is enough to 
note that according to Lemmas 3.3-3.6 of [4], Eichler matrices t*(p^) , t*(u^) commute for 
different primes p, u not dividing det q . Next we claim that 

x{n'a)ll{n')--x{a) 

for any integer n coprime to det q , and any integer a not divisible by the square of any 
prime factor of n . Indeed, let n — p^-^ ■ . . .■ pf be coprime to det q . We will use induction 
on I to justify our claim. If Z = 1 then the statement is obvious because of the definition 
of i*(n^) = ^aiPi^^) • Assume now that if 6 is a product of powers of pi, . . . ,pi-i then 
r(6^a)t* (6^) ■ r(a) for any a not divisible by , z ranging from 1 to Z — 1 . Fix an integer a 
not divisible by any of , 1 < i < I , then 

since t^^t2a)(p^) = t*(p^) if u and p are coprime. By induction on I we conclude that 

r(n^a)t* (n^) • r(a) for any integer n coprime to det q and any integer a not divisible by the 
square of a prime factor of n (in particular for any square- free integer a ) . Combining the 
above equalities we deduce the following identities for the formal zeta-f unctions: 

(n,detq) = l (n,detq) = l 

Jl}k ^"'"*"ii,^i-c.-'rf(P^)-/3,)P-+P— 

for any square-free integer a which finishes the proof of (2.9) for the case of column- vectors 
t(n) = *(..., ^1^, • • •) • Proof of (2.9) for the case of the mean numbers Y2j f{flj,n) / 
e{c{j) proceeds in a similar fashion. One just needs to multiply both sides of the matrix 
equalities above by the row (1, . . . , 1) of length h and observe that 

(1, . . . , 1) . (^^^^f^) = (cp(l +P-') 1) 

according to comparison of the 0th Fourier coefficients in (2.2). □ 

Let us note also that the zeta-functions on the right hand side of (2.8) are closely 
related to Epstein's zeta-functions 

c(^.<i.) = E%^ (2-10) 

n>l 

which are Mellin transforms of corresponding theta-series Q{z, q,, ) and therefore have good 
analytical properties (i.e. meromorphic continuation on the whole .s-plane and standard 
functional equation, for more details see [8], [12] or exercises in Section 4.3.1 of [3]). 
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3. Matrix Hecke rings of orthogonal groups 

For a long time it was somewhat of a mystery that the numbers r(q, n) of integral solutions 
of certain quadratic equations have general multiplicative properties even though no similar 
relations between the solutions themselves were known. (The sole exception to this rule 
was the case of so-called composition of quadratic forms. Then the integral representations 
can be interpreted as elements of certain arithmetical rings and multiplicative structure 
of these rings is reflected in relations between representations. A classical example of 
this phenomenon is Gauss theory of binary quadratic forms. Unfortunately, according to 
a theorem of Hurwitz, there is no composition unless the number of variables equals to 
1,2, 4 or 8.) 

In [1] A. Andrianov developed Shimura's construction of abstract matrix Hecke al- 
gebras (sec [11]) specifically for the case of orthogonal groups and introduced so-called 
automorph class rings. The latter play the role of Hecke operators acting directly on the 
sets of solutions of quadratic Diophantine equations. The basic idea behind this action is 
that 



for any integral quadratic forms q, q', q" and for any integers a, b (the dot refers to usual 
matrix multiplication). This purely algebraic approach revealed existence of general mul- 
tiplicative relations between automorphs i?(q, nq') and representations i?(q, n) of integers 
by quadratic forms. Remarkably, these relations can be expressed in terms of associated 
zeta-functions in the form almost identical to (2.8) and (2.9). In fact, the latter formulas 
for numbers of representations appear to be immediate consequences of the former relations 
between representations themselves ! This suggests existence of some correlation between 
rings of Hecke operators for symplectic and for orthogonal groups. 

Let us examine the construction in some detail. For an integral nonsingular quadratic 
form q in m variables we fix a complete system {qi, . . . , q/^} of representatives of equiva- 
lence classes contained in the similarity class of q. Consider free Z- modules A^, 1 < i, j < 
h generated by double cosets 



Since any double coset of the above type is a finite disjoint union of left cosets modulo 
-^(Qi); we will write elements of A^j as finite linear combinations with integral coeffi- 
cients of (formal) symbols <A> which bijectively correspond to left cosets E{q^i)A , A e 
£^(qj)\ (J^^pj i?(qj, aqj). Note that elements of Ajj are invariant under the right multipli- 
cation by matrices from E{qj). This and the obvious inclusion 



i?(q, aq') • i?(q', bq") C i2(q, a6q") 



{E{qi)AE{qj) , where A e E{qi)\ [j R{qi,aqj)/E{qj)}. 



a6N 



i?(qi, ac[j) ■ R{c[j, bc[k) C R{c[i, abc[k) 



allows us to define natural multiplication 



Ajj X Ajf~ 
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Finally, we introduce the ring oihxh matrices 

A = A{q} = {{A,j) ; Aij e Aij , 1 < J < /i} 

which is the automorph class ring (over Z) of the form q. Sometimes it is more convenient 
to consider A ® Q — the automorph class ring over Q. 

The automorph counterparts of the classical Hecke operators T{p'-) {t is 1 or 2 de- 
pending on the parity of m) are elements of the form 

%*{p') = %*^{p') = , where = J] <D> . (3.1) 

DeE{cii)\R*icii,p-'Cij) 

Note that these matrices are close relatives of Eichler's "Anzahlmatrizen" (2.6). 

Next we should define an action of A on the integral representations by the forms 
qi, . . . , q/i . The idea is based on the natural inclusion: i?(qi, nqj) ■ -R(qj-, a) C R{q,i, no) . 
In order to suite our formalism we introduce column- vectors of length h : 

, where iH,(a) = ^ ^-^{L)- <L> , (3.2) 

LeE{cij)\R{cij,a) 

which encode all orbits modulo E{qj) of integral representations of a by forms q^. Here 
fiqj (L) is a suitably normalized measure of the stabilizer £^£,(qj) = {U E E{qj) ; UL = L} . 
The vectors of type (3.2) can be thought of as elements of Q-module D = Dq = Di x . . . x D/^ 
whose j^^ component is a free Q-module generated by (formal) symbols <L> which 
are in one-to-one correspondence with orbits E((\j)L in E{c^j)\7/^ . 

In this notations an automorph analog of Eichler's commutation relation (2.5) take 
the form: 

^(Pa)+Xq(p)/-V]^(«/P) = c-^T{p)^{a), (3.3) 

if m = 2A; , or 

^(/a)+Xq(p)/-'(^)b]^(«)+P"^"'b']^W/) = s'(r(/)-/3pl,)$H(a), (3.4) 

ifm = 2k -\- 1 > 3. Here p is a prime coprime to det q, a is any positive integer and 
Ip''] = diag{< p''lm >■, ■ ■ ■■,< p''^m >) £ A are simple elements of the automorph class 
ring responsible for nonprimitive automorphs. The automorph class theory formalism was 
initially developed in [1], where one can find the original proof if the formula (3.3) above as 
formula (1.18) of Section 1. The formula (3.4) was proved in [4], Theorem 3.1 (for the case 
of positive-definite quadratic forms) and in (2.8) of [5] for the case of arbitrary nonsingular 
forms. 

The above formulas relating sets of representations R{q,p''a) and i?(q, a) immedi- 
ately imply analogous relations between numbers r(q, p'^a) and r(q, a) of representations. 
Namely, let us consider two " coefficient" homomorphisms tt: 

A — >MhiZ) or D — >Z^ 



m{a) = 9^q(a) 



^,(a) 
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defined entry-wise by 

71" : ^aa<^a>i > y^Qg 

a a 

for a corresponding finite formal finear combination of "orbits" < • > . For example, 

is the Eichler's "Anzahlmatrix" (2.6) . In case q is positive definite all sets of representa- 
tions under consideration are finite, in particular 



/ 



7r(^q(n)) =rq(n) = 



e(qj) 



coincides with the n*^ Fourier coefficient of the vector modular form *(..., ^e{^f ' • • •) • 
Then application of homomorphisms tt to (3.3) and (3.4) leads directly to Eichler's iden- 
tities (2.5) written in terms of Fourier coefficients of corresponding theta-series. Further- 
more, automorph class ring A itself has good multiplicative properties (as one would expect 
from a Hecke algebra). Combining this properties with (3.3) or (3.4) one deduces Euler 
product expansions of (formal) zeta-functions 

/ or > 

(n,detq) = l (n,detq) = l 

very similar to Euler products (2.8) or (2.9) respectively (for exact formulas and their 
detailed proofs see formula (1.19) of [1] and formula (1.13) with Theorem 1.1 of [5]). 
This method also provides an alternative proof of identities (2.8) , (2.9) themselves via 
appropriate application of the "coefficient" homomorphisms tt . One should stress here 
once again that all of the above considerations are purely algebraic and remain valid for 
any nondegenerate quadratic form over a Dedekind domain. (For an extensive account 
of multiplicative properties of general automorph class rings and of Euler products of 
associated formal zeta-functions the reader is referred to [1],[5] and especially [2].) 
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4. Shimura's lift for theta-series 

In [12] G. Shimura showed that if a cusp form f{z) = Y2n>i ^i''^) exp(27rm2;) of weight m/2 
(where m = 2fc + 1 > 3) is a common cigcnfunction for all Hecke operators T{p'^), then 
zeta-function ^^>i c(n^a)/n* has Euler product decomposition of type (2.9) for every 
square-free positive integer a (one should just replace c(-) by c(-) and c~^(t*(p^) — (3p) by 
corresponding eigenvalues of Hecke operators). Comparing denominators of local factors 
in (2.8) and (2.9) one can note their striking similarity. And indeed, Shimura used the 
Weil criterion to prove that the zeta-function 

n>l ^ ^n>l ^ 

defined by the Euler product of denominators of local factors of Xln>i c{n'^a)/n^ is a Mellin 
transform of a modular form f^"'\z) of integral weight m — 1 — 2k (see [12], Main theorem). 
The form c"^(a) • f'''^\z) is independent of a and is called the Shimura's lift of f{z). In 
what follows we will use this name for f^°'\z) as well. 

P. Ponomarev in [10] investigated the lift for theta-series Q{z,q) of certain ternary 
positive definite quadratic forms. The theta-series are neither cusp forms nor Hecke eigen- 
forms in general, but one can still consider lift 0^"^ {z, q) defined for an integer a via product 
of type (4.1). As the reader already expects, in order to get a complete picture one should 
work not with an individual quadratic form q but rather with a complete system 

{qi,---,qa (4.2) 

of representatives of different equivalence classes of the similarity class of q. Employing 
particular case m = 3 of Eichler's commutation relation (2.5) P. Ponomarev showed that 

GW(^,qfc) = J](r(q,-,a) ■ J2^kj{n') e'^'^A ,l<k<h, 

j=l ^ n>0 ^ 

where each 7rfcj(n^) exp(27rm2;) is a finite linear combination of theta-series of qua- 

ternary quadratic forms associated with certain lattices in a quaternion algebra (see [10], 
Theorem 1). The quaternion algebra is chosen so that the reduced norm on its pure part 
is similar over Q to the form q. In particular then {TTkjip^)) — (?'*(qfc)P^cb)/e(qj)) is 
nothing else but transposed of Eichler's matrix (2.6) . 

One of the goals of the present paper is to find an automorph analog of Shimura's lift 
for theta-series of ternary quadratic forms. Let us start with a brief reexamination of P. 
Ponomarev's main result from a somewhat different point of view. For simplicity assume 
that q is an integral ternary positive definite quadratic form of class number h. Fix the 
system (4.2) of representatives from the similitude class. Then the generic theta-series 
0{q}(2;) is an eigenform of all Hecke operators T{p^) with p/detq and the equality (2.9) 
holds for associated zeta-functions. From (2.3) it follows that for ternary quadratic forms 
the local constants in (2.9) are given by: = 1 , /3p = . Define coefficients bn by 

K 



E^ = 11(1 



n 

n p 
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where 



and put 



B{z) = J2bne' 



Note in particular that 61 = 1 , 6p = t*(p^) . We expect B{z) to be equal to a finite linear 
combination 

of theta-series associated to some quaternary (integral) quadratic forms nj . We also expect 
B{z) to satisfy 

Biz) Tip) = K,ip^)Biz) 
for any prime p , p/det q . A plausible candidate would be 



i=l ^ j=l 



(4.3) 



- proportional to generic theta-series 0{n}(^) of a quaternary form n of class number H . 
In this case we would have 



t* (P^) = b. 



^ rfn,;, x^r(nj,p) 



E 



E 



(4.4) 



On the other hand from Eichler's commutation relations (3.3) or (2.5) we know that 



e(nj) 



r*(n„pnj 
e(ni) 



/ ; ^ 

e(nj) 

V ; J 



which implies that 



H 

E 



r{ni,p) 
\ e(ni) 



H H 



iui) J eiuj) 



But the sum (^^ r(ni, pnj)/e(ni)) does not depend on j . (In fact, the sum coincides with 
Cp(n) times zero Fourier coefficient of 6(2, nj)|2T(p) which is equal to 1 + p for any j). 
Therefore, together with hypothetical (4.4), the last equality would imply that 



V- ^*(q^,rq) _ t* . 2^ _ -i. ^ r*in,,pn) 



i=l 
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where Cp(n) = (1 + Xn{p)) according to (2.3) . The above formula can be rewritten in a 
shghtly more general form 

E 1 = (l + Xnb))-^ E 1 (4.5) 

which make sense for any nonsingular (integral) ternary form q. Thus according to our 
heuristic argument, one can expect that an automorph A e i?(q,p^q') of quadratic form 
q can be "lifted" to an automorph M G i?(n, pn') of some quaternary form n associated 
to q. Moreover, the equality (4.5) should appear as a corollary of the expected lifting of 
automorphs. In the next sections we will prove that this is exactly the case by providing 
an explicit construction for the "lift" (see (5.30), Theorems 6.3, 6.7 and Corollary 6.8). 
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5. Clifford algebras and automorph lift 

Since our construction of the automorph hft is based on Chfford algebras, we start with a 
brief recall of their properties. In the course we also introduce some convenient notations. 
Let 

q(X) = qixl + 6i2a;ia;2 + ^is^i^s + q2xl + 623a;2a;3 + qsxj (5.1) 
be an integral nonsingular (ternary) quadratic form. We set 

?2 623 , 5 = 613 . (5.2) 

?3 / 

Then the matrix Q of the form q and its determinant det q are given by 

Q = *Qo + Qo , 2A = detq=2-(4detQo-Qo[5]) , (5.3) 
where det Qo — ?iQ2?3 and A = det q/2 . The matrices adjoint to Qo and Q are 

(<72g3 -93^12 &12&23 " 92&13 \ 
gigs -gi^23 
gig2 / 

and 

Q = 2(*Qo + Qo)-B-*B . (5.4) 

We associate to q quadratic Z-module {E, q) = (Z^, q) with corresponding symmetric 
bilinear form 

Hx,y) = q{x + y)-q{x)-q{y) , x,y e E (5.5) 

whose matrix (b(ei,ej)) relative to the standard basis 61,62,63 of Z'^ is Q . The Clifford 
algebra C{E) = C{E, q) of {E, q) is a free Z-algebra with monomorphism i : E ^ C{E) 
such that t(x)^ = q(x) ■ 'i-c(E) for any x E E . It is uniquely characterized by the following 
universal property: for any homomorphism rj : E ^ D into an algebra D with r]{x)'^ = 
q(a;) • Id , there exists unique homomorphism of algebras r : C{E) — > D such that the 
diagram 



E <- 



id 



E 



D 



C{E) 



(5.6) 



commutes (i.e. rj = r o t). The algebra C(E) can be realized as a free Z-module of rank 
8 generated by products of 61,62,63 (see [9] for details). We will denote the product CiCj 
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in C{E) by Cij and eiSjCk by Cijk ■ The unit element of C{E) is denoted by cq and we 
identify Z with Zcq . We also identify E with l{E) C C{E) . The even suhalgebra 

Co{E) - Zeo ® Ze23 © ^(-eis) ® Zei2 (5.7) 

is a free Z-module of rank 4 generated by products of even number of vectors of E . (Note 
the order of the elements of the basis in (5.7) ! In spite of first strange impression, this is 
the natural oder. We will refer to this basis of Cq{E) as the natural basis). Setting further 
Ci{E) = Z(-ei23) © ^ei © Ze2 © Zes one has C{E) = Cq{E) © Ci{E) . Sometimes it is 
also useful to consider C{E) (g) Q or Co(-E) (g) Q - the Clifford algebra of (-E, q) over Q 
and its even subalgebra, in which C{E) and Cq{E) are orders. The algebra C{E) has an 
antiautomorphism x ^ x defined on the generators by 

e,- = -e,-, j = l,2,3. (5.8) 
The restriction of the antiautomorphism a; i-^ ^ to Cq{E) can be written in coordinates as 

xoeQ+xie2'i-X2ei2.+xzei2 ^ (a;o + a;3^>i2 -a;2&i3 +a;i^>23)eo -a;ie23 +2^2613 -a;3ei2 (5.9) 

and gives us the standard involution on Cq (E) . That is to say, 

s{x) — X + X e Z , n{x) — X ■ X e Z (5.10) 

for any x G Cq{E) . In particular each element x of Cq{E) satisfies the equation {z~x){z — 
x) = — s{x)z + n(a:) = which is vmique in case x and Cq are linearly independent. 
Integers s(a;) and n(a;) are called respectively the trace and the norm of x G Cq{E) . The 
norm n turns the even subalgebra Cq into quadratic Z-module {Cq{E), n) of rank 4 with 
associated bilinear form 

s{xy) = n{x + y) - n{x) - n{y) , x,yeCo{E). (5.11) 

The matrix N of the form n with respect to the natural basis (5.7) is 

/ 2 -'B \ 

N=i (5.12) 
\-B (*Qo + Qo)/ 

One easily computes the determinant 

detn = = ((detq)/2)^ (5.13) 

and the inverse matrix 

2-detQo \QoB)' 

(5.14) 
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where Qo and B are given by (5.2). Prom the above formulas one can see that the quadratic 
modules (-E, q) and (Co(-E'),n) are closely related. In fact (Co(£'),n) contains a certain 
quadratic submodule of rank 3 which is "almost" {E, q) . We will present the construction 
shortly, but first we need to introduce the special element 

i = ei23 + el^ = ei23 - 6321 e C(£^) (5.15) 

used by M. Kneser in [9]. Straightforward (but rather tiresome) calculations show that t 
belongs to the center of C{E), t = t and 

i = (-6123,61,62,63) ( p?) , = -A . (5.16) 



^ B ^ 

Consider now Z-submodule Et of Cq{E) . Using (5.16) we see that Et has rank 3 and 

(eit, e2t, est) = (eo, 623, -613, 612) • T 

form its Z-basis, where 

fHQoB)\ 

r = I ^ jezi . (5.17) 

Let us compute the matrix of the restriction of the norm-form n onto Et with respect to 
the basis eit, 62^, e^t . We have 



N -T ^ 



2.\QoB)-'B.Q , 
{'Qo + Qo){'Qo + Qo)-B-'B-'Qo ' ^^'^^ 



and so 

N[T] =AQ . (5.18) 

Recall that A = detq/2 is an integer (see (5.3)), thus T e i?(n,Aq) and {Et, Aq) ^ 
(Co(-E),n) as we stated. Finally we also note that 

/2 detQoX 

-6123 (60,623, -613,612) , (5.19) 

V QoB J 

which extends multiplication of by t to injection Ci{E) ■ t ^ Co{E) , whose matrix with 
respect to our choice of bases is A • . 

Let q" be another integral ternary quadratic form. We associate with it a quadratic 
module {E",q[') and Clifford algebra C{E") exactly as above. Let A e i?(q, q") be an 
integral automorph. From geometric point of view A defines an isometry a = ola from 
quadratic module (£"', q") into (£", q) : 

(^^(ei), ^^(ea), aA(63)) = (61, 62, 63) • ^ , 
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where e'/, 62, 63 is the standard basis of E" = 1? . Let t and t" be natural inclusions of 
(E, q) and {E", q") into corresponding Clifford algebras. Since 

Co = c["{x") ■ Co for any x" e E" , there exists a unique homomorphism of algebras (p = (fA 
which makes the diagram 

(E,q) {E",ci") 

(5.20) 

C{E) — C{E") 



commutative. (This follows immediately from the universal property (5.6) of Clifford 
algebras.) Clearly the homomorphism (fA is compatible with the involutions (5.8) on 

C{E) and C{E") : 

ipA{x") = cpAix") for all x" e C{E") . (5.21) 

Therefore the restriction of (pA to the even subalgebra Co{E") is an isometry of quadratic 
modules (pA '■ {Cq{E"), n") — > (Co(-E'), n) whose matrix with respect to our choice of bases 
(5.7) is 

/I *^3Qo^2 -'A^QqA^ 'A^QoAi 


*i 

Vo 



(5.22) 



so that 



(^'^(eo), ^Aie'io), ¥'^(-613), (^^(e'/s)) = (eo, 623, -613, 612)-$^ 



Here Aj denotes the j*^ column of the original automorph A G -R(q, q") which gave rise 
to ^A e -R(n, n") . (By n, n" we mean the integral quaternary quadratic forms which are 
specializations of the corresponding norm-forms at the natural bases (5.7) of Cq{E) and 
Cq{E") respectively.) To complete the picture we also need a description of action of (fA 
on the special element t" e C{E") of the form (5.15): 

Lemma 5.1. Let A = (ay) e -R(q, q") he an integral automorph. Then 

(fiA{t") = {detA)-t 

in the notations introduced above. 

Proof. Note that elements of E are multiplied in C{E) according to the following rule: 



Xi 



yi 



(61,62,63) X2 -(61,62,63) y2 =(60,623,-613,612 



X3 



( 'YQ^X \ 

X2y3 - X3y2 

xsyi - xiy3 
xiy2 - X2yi 



38 



F. ANDRIANOV 



Therefore 

^^(-6123) = -(fiA{ei)fA{e2)<fAies) = -a^(ei)aA(e2)aA(e3) = 
-1 • (61,62,63)^1 • (61,62,63)^2 • (61,62,63)^3 = (-6123,61,62,63) 

where A = (A1A2A3) , d = det A and components zi, Z2, zs of the column Z are given by 
zi = -(*^2<5o^i)ai3 + &i3ai3a23 + ^'23023023 - ^'12013033 - 92023^33 + 93033^23 , 

Z2 = -(*^2Qo^l)a23 - ^13013013 - ^23023013 + 91013033 - 93033013 , 
Z3 = -(*^2Qo^l)o33 + ^12013013 + 92O23O13 - 9lOi3a23 , 

and ciij is the algebraic cofactor of a^- in A . Using (5.16) applied to t" we have 

VA{t") = ( -6123, 61, 62, 63 ) 

On the other hand, from (5.16) we also know the coordinates of t in this basis. Therefore, 
in order to prove the Lemma it remains to check that 




(5.23) 



Before entering into computations let us make several remarks. First, since *A2QoAi + 

*^2*Qo^i = *^2Q^i = b'{2, then 2 • *^2Qo^i - ^^12 =!MQo - *Qo)^i = -^12033 + 
^13023 - ?>230i3 . Second, Q[A] = Q" implies that ■ ^AQ" = QA. Third, (aij) = A = 
{A~^)~^ = ■ A = ■ (ciij) , where A is the double adjoint of A . Now we proceed to 
calculation of entries of the column- vector on the left hand side of (5.23). 
First entry: 

-011623 + Ol2^>l3 ~ Ol3^>12 - 2^1 = 

-^>23(0l30i3 + O23O23) - &I3O13O23 + ^>120i3033 - 623O23O23 + 2g2023033 - 2^3033023 

-(011^23 - O12&13) = 

-6b23 + 033(612013 + 2g2023 + 623O33) - 023(613013 + 623O23 + '^QsCiss) 

-(011623 - 012613) = 
^""^033 (021613 + 022623 + 023293) - 5""^ 023(031613 + 032633 + 0332^3) - 5623 = 
^""^^13(033021 - 023031) + (^""^ 623 (033022 - 023032) - (011623 - 012613) - 5623 = 
5-^6'/3(-oi2) + 5-^6^'3(dii) - (oii6^'3 - oi26'/3) - ^623 = - det A • 623 • 

Second entry: 

-021623 + 022613 - 023612 - 22:2 = 

613(013013 + 023023) + 013(613013 + 623023 + 293033) - 033(2^1013 + 612023) 

-(021623 - 022613) = 

5~^ai3(a3i6i3+a32623)-5~^a33(aii6i3+ai2623)-(o2i623-0226i3)+(56i3 = det^-6i3 . 




S 
Z 



000 
A 



-2 
B" 
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Third entry: 

-031623 + 032^13 - a33&i2 - 2^3 = 

-612(013013 + 033033) + d23(2giOi3 + 613O33) - Oll(^>120l3 + 2g2023 + ^>23a33) 

-(^31^23 - a32&i3) = 

(5"^023(0ll^>i3+0l2^>23)-^~^^13(021&13+^22^>23)-(«^31^>23-«^32&l^^ = - det A-6i2 • 

□ 



The above lemma along with (5.16) leads us to the following criterion: 

Theorem 5.2. Let (p : Cq{E") Cq{E) he a homomorphism of even subalgebras 

of Clifford algebras associated to ternary quadratic Z-modules {E" , q") and {E, q) . Set 
A = detq/2 , A" = detq'V2 and let t E C{E) , t" e C{E") be special elements of the 
form (5.15). Then (p coincides with the lift (5.20) of an isometry a : {E", q") — > (E, q) if 

and only if 

(p{E" ■ t") C TA^A -{E-t) . (5.24) 

In this case the isometry a is unique (up to sign) and is given by 

where one can fix either "+" or "— ". 

Proof Assume (5.24) and consider a as defined in (5.25). For an x" e E" we have: 

a{x") C (VAA^)-^ • ip{E"t") ■ t C (VAA^)-^yA7A • E-t"^ G -[Ap^A -EgE 

Furthermore, 

q(a(a;")) =a{x")-a{x") = (AA'')'^ -ipixY') -t-ipix'T) -t = {AA'')'^ ■ip{xY'x''t'') -t^ = 

{AA")-' ■ V{-A"{x'r) ■ (-A) = ^(q"(a;")) = ci'\x") , 

thus a : (£"', q") {E, q) is indeed an isometry. According to (5.20) it can be lifted to 
an algebraic homomorphism '■ C{E") — > C{E) the restriction of which on Cq{E") is 
homomorphism into C{E) . Then 

V^a(4) = «(en-«(e^) = (AA")-' Wit" e';t"ye = {AA"r\-Ay^{-A"e'^e'J) = ^(e^^) 

so (fia and (p coincide on Co{E") . 

Conversely, ii (p = (pa for some lift (pa of an isometry a : {E", q") [E, q) , then 

(p{x"t") = (pa{x"t") = ^Pa{x") • det a • t = a(x") • det a • t C det a ■ E ■ t C \/ A" / A -(E-t) , 
so (5.24) is satisfied. The equality (5.25) is also satisfied for one of the choices of signs. □ 
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To summarize what we have estabhshed so far, the universal property (5.6) of Chfford 
algebras allows us to lift an integral automorph A G -R(q, q") of ternary forms to an 
integral automorph G -R(n, n") of quaternary forms associated with norms on the even 
subalgebras of Clifford algebras. Conversely, the original automorph A G -R(q, q") can be 
recovered from the lift £ -R(n, n") with the help of the Theorem 5.2 above. (We note 
again that quaternary quadratic forms n, n" are specializations of norm-forms (5.10) at 
the natural bases (5.7).) 

Recall that the quadratic forms we are working with are not necessarily positive defi- 
nite and so the sets -R(q, q") , -R(n, n") ... of automorphs or the sets -R(q, a) , -R(n, a) ... of 
representations of a number a can be infinite in general. But quotients modulo correspond- 
ing groups of units (-E(q) , E{n) . . .) are always finite for nonsingular forms. Because of this 
it is more convenient sometimes to consider the orbits modulo groups of units rather than 
individual automorphs or representations (compare to section 3). The following lemma 
shows that this transition is compatible with lift (5.22): 

Lemma 5.3. Let G -R(q, q") be integral automorphs. Then A e E{q)D if 

and only if £ E{n)^D ■ 

Proof Let E G -E'(q) be such that A = ED . Consider the following commutative 
diagram: 



(E,q) (E,q) {E",ci") 



C{E) ( '^^ C{E) ( C{E") 



where the isometrics a^, and algebraic homomorphisms ipE^ are defined analogously 
to (5.20). Since ctg oa^) — a a , we know that there exists unique algebraic homomorphism 
<PA = (PED '■ C{E") C{E) such that i o ua = <Pa ° as in (5.20). But t o aA = 
i o aE o OiD — o o «_D = Ve ° <fD o 5 which implies that i^ed ~ <fiE ° <fD and thus 
= ^E^D (see (5.22)). Note that since E G E{q) then ^e ^ E{n) . 
Conversely, assume that ^a G E{n)^D ■ Then G E{n) and in particular 



/I 




Vo 



/I 




Vo 



/I 




Vo 



* * * 



1 t 



det D 



A-*D 



is an integral matrix. But det D — det A , so ^A 
E = DA-^ is also integral and Q[E] = Q[DA-'^] 
A G E{ci)D . 



*-D is also an integral matrix. Then 
= Q"[A-^] = Q, i.e. E G E{(i) and 

□ 
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Remark . An obvious modiGcation of the above proof shows that 
AeD- E{q") ^ ^A^^D- E{n") . 



We will also need the following technical result: 

Lemma 5.4. Assume that (ternary) quadratic forms q and q" belong to the same 
similarity class. Then q and q" are integrally equivalent if and only if corresponding 
quadratic forms n and n" (see (5.12)) are integrally equivalent. 

Proof Suppose q and q" belong to the same equivalence class, i.e. there exists a 
matrix U G i?(q, q") fl . Then au : (E", q") {E, q) is an isometric isomorphism of 
quadratic modules which gives rise to an isomorphism (pu : C{E") C{E) of Clifford 
algebras exactly as in (5.20). The restriction of ^pu on Cq{E") is an isomorphism of even 
subalgebras whose matrix with respect to the natural bases (5.7) is $[/ G -R(n, n") fl 
(see (5.22)). Thus n and n" are integrally equivalent. 

Conversely, suppose that there exists U G i?(n, n") fl A^ . The matrix U defines a 
(linear) isometric isomorphism of quadratic modules: 

V : {Co{E"),r,") (Co(i?),n) , 
(i;(eo), ^;(e23), ^;(-el3), vie'l^)) = (cq, 623, -613, 612) • U . 



Since n(f (cq)) = n"(eo) ~ 1 , the element t'(eo) has an inverse v{eQ) — t'(eo) G Cq{E) 
whose norm is also 1. Then the right multiplication x ^ x ■ v{e'Q) is a (linear) isometric 
automorphism of Cq{E) . The composition of these two isometrics 



: x" ^ v{x") ■ v{e'^) x" e Co{E") 



gives a (linear) isometric isomorphism of quadratic modules (Co(-E"),n") — > (Co(-E),n) 
which maps Cq to eo . Therefore its matrix with respect to natural bases (5.7) has the form 



>V = 



/I 




Vo 



* * * 



w 



with W eA^ 



Further, since iV[W] = N" , then N'^l^W'^] = {N")-^ with N'^ , (iV")"^ given by 
(5.14). By our assumption the forms q and q" are similar, in particular A = det q/2 = A" . 
Therefore (5.14) implies 



'2detQo \QoB) 
(QoB) Q 



V 

* 



■2detQ(; \Q'^B") 
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It follows that Q[^W-'^] 
(integrally) equivalent. 



Q" with W E , i.e. the quadratic forms q and q" are 

□ 



We now proceed directly to an automorph analog of Shimura's lift. Let q' be a 
quadratic form similar to q (see section 1) and let p be a prime coprime to detq = 
detq' . Given an integral automorph A G i?(q, p^q') wc can set q" = p^q' and apply the 
construction (5.20) to get the homomorphism (pA of Clifford algebras: 



CiE, q) 



(5.26) 



The restriction of if a to the even subalgebra Cq{E" ,p^q[) will give us an automorph 
$A e -R(n, n") = R{N, N") given by (5.22). Here N is the matrix (5.12) and 



N'' 



2 V • 'B' 

-p^B' pH'Qo + Qo) 



N' 



(5.27) 



is the matrix (5.12) of the norm-form (5.10) of the even subalgebra Co{E" ,p'^q^) with 
respect to its natural basis (5.7). Note that Co(-E'", p^q') can be identified with the sub- 
ring of Co(£",q') spanned by 60,^^623, —p^e'^^g, p^e']^2 • (Indeed, the natural isometry of 
quadratic modules E" = pE' defined by e^' 1— > pe'^ gives rise to an algebraic monomorphism 
C{E'\p^q[) ^ C{E',c^) , the restriction of which to the even subalgebra is the desired 
ring homomorphism.) In particular, A^' on the right hand side of (5.27) is exactly the ma- 
trix (5.12) of the norm-form n' on the subalgebra Co{E', q') . Combining the last equality 
with N[^a] = N" we conclude that if A e R{(i,p^q') then iYf^'^] = N'[{p ■ I4)] = p'^N', 
where we set 



p 



fp p-\'A3QoA2 -'AsQoAi ^AaQo^i ) 


p2 . t^-i 

Vo 



. (5.28) 



Lemma 5.5. In the above notations ^a e -R(n,p^n') , in particular the matrix ^a is 
integral. 

Proof. We already know that A'"[^'a] = p'^N' therefore to prove the lemma it remains 
to show that ^a is integral. Since A e i?(q,p^q') then Q[A] = p^Q' and so p'^A~^ = 
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(detq) ^Q'*AQ which imphes that detq • p^A ^ is an integral matrix. But det^ = is 
coprime to det q , thus p'^A~^ is integral. Next we need to deal with the first row of in 
(5.28). Denote 



'Za = (^'AsQoA2,-'A3QoAi,'A2QoAi 



(5.29) 



Then 



2 2-^Za-P^ - ^A-^B) 

N[^a\ = I * 

* 2-1 {p^Q' + {2Za - p^A-^BY{2Za - p^A-^B)) 



N' 



which implies that 2Za — p^A~^B = —p^B' = (modp^) . But p'^A~^ is integral, 
so p^A~^B = (modp) and therefore Za = (modp) . Thus "if a is indeed an integral 
matrix. □ 



We conclude that the correspondence A i— > ^a gives us an injection i2(q,p^q') ^ 
i?(n,p^n') . Because of the Lemma 5.3 we can also view this map as injection 

* : E(q)\i?(q,p2q') c — . E(n)\i?(n, pV) , p/detq . (5.30) 



Remark 5.6. The above construction does not depend on primality of p and 
works equally well for any number a coprime to det q resulting in injection i?(q, a^q') ^ — 
i?(n, a^n') . In particular, if q is similar to q' then n is similar to n' . 

Remark 5.7. The lift \1/ is also compatible with the bijection i?(q, p^q') — > 
i?(q',p^q) given by A i-^ p^A~^ in the sense that \E'p2^-i ~ p^'^~^ G i?(n',p^n) . Indeed, 
the fact that ^Pps^-i and p^'^^ both belong to R{n' ,p^u) follows directly from definition 
of Then using the equality Ar'[*p2^-i] = N'\p^^^\ together with (5.12) and (5.28) 
one can see that ^^02^-1 = p^'^J^ ■ 
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6. Factorization of automorph lifts 

Thus, we can lift an automorph A e i?(q,p^q') of ternary quadratic forms to an automorph 
"^A G i?(n, p^n') of quaternary forms (see 5.28). But with quaternary quadratic forms we 
are no longer limited to multipliers and can use automorphs with multipliers p (compare 
to existence of Hecke operators T(j)) rather than T{j)^) for corresponding theta-series) . 
According to the Theorem 1.3 of [2] each integral automorph A G i?(n,p^n') , p /fdetn 
is a product MC of automorphs M G i?(n,pf) and C e i?(f, pn') for some quadratic 
form f similar to n . Our next goal is to describe explicitly such factorizations for the 
constructed lift ^ a £ -R(n, p^n') . Since the general strategy behind Clifford algebras is 
to replace questions about representations by quadratic forms with questions concerning 
multiplicative arithmetic of these algebras, we will try to use for our purposes certain 
properties of ideals of the algebras. First of all let us look more closely at the algebraic 
homomorphism ipA in (5.26) the restriction of which to the even subalgebra Co(-E'", p^q') 
defines the lift \E'^ via (5.28). Recall that the restricted ipA can be considered as a ring 
homomorphism 

VA ■■ (eo,p^e23, -p^ei3,p^ei2)Z^ — > Cq{E,c[) , 
{(pAie'o), (pAip^e'^s), (^^(-P^e'ig), (pAip'^e'^^)) = (eo, 623, -613, 612) • ^a , 

defined on the corresponding order of Co{E',ci') . One can easily extend this homomor- 
phism to an isomorphism of Q-algebras: 

CPA : CoiE', q') ® Q ^ CoiE, q) ® Q , 

whose matrix with respect to the natural bases is $^ ■ diag(l, p^^, p^^, p~^) = p~^\l/^. 
Using Lemma 5.5 one can see that the matrix ^a ■ diag(l, p~^,p~^,p~^) is integral, which 
implies that the image under (pA of the order of Cq{E') generated by eo,pe23, —pe'iziPe'12 
belongs to Cq{E) . Then from (5.28) it follows that the submodule (cq, 623, —613, €12)^ a • 
C Co{E) is nothing else but the image 'Pa{pCq{E')^ of the principle ideal pCo{E') C 
Co{E') and therefore is itself an ideal of the of the order (pa{Co{E')^ fl Co{E) . Consider 
the left Co(£;)-ideal 

3A = Co{E)-pA{pCoiE')) , (6.1) 
which extends <^^(pCo(-E')) . We claim the following 

Lemma 6.1. In the above notations J a is a proper (left) Co{E) -ideal which properly 
includes (Pa{pCo{E')^ : 

ipA{pCo{E'))G3A(zCo{E) . 
Moreover, the norm of any element of 3a is divisible by p . 

Proof. Validity of the above inclusions is clear and we only need to prove that both 
of them are proper. To show that (Pa{pCo{E')^ ^ 3a , assume the opposite. Since 3a is 
a left Co(-E)-ideal, we would have then for any c e Cq{E) an inclusion c • </?a(pC'o(-E")) 
<^a(pC'o(-E')) . Recall that as an isomorphism of Q-algebras (pA is invertible, the matrix of 
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ip~j^ with respect to the natural bases is p^~^ = ^"^^^^2^1-1 , in particular (^^""^ (Co(£')) C 
p~^Co{E') . Thus, our assumption would imply that (Pa{^a^{c)-pCo{E')^ C (Pa{pCo{E')^ 
and so ip^^{c)-pCo{E') C pCo{E') for any c G Co{E) . The last inclusion would be possible 
only if ip^^{c) G Co{E') for any c G Co(-E') , which is definitely not the case (for example 
for c = 623). Therefore (Pa{pCo{E')) is a proper subset of 3a- Next, to prove that 
3a 7^ Cq{E) we will show that the norm of any element of 3a is divisible by p. Indeed, 
any element of 3a — Cq{E) • (pa{pCo{E')) is a sum of elements of the form c-ipA{pc') with 
c G Co{E) and c' G Co{E') . Observe that n{^A{pc')) = (modp^) for any c' G Co{E') , 
according to Lemma 5.5 . It remains to note that if 6, c G Co{E) and b', d G Co{E') then 



n{bipA{pb') +c(pA{pc)) = n{bipA{pb')) + n{cipA{pc)) + s{b(pA{pb') ■ C(/7^(pc')) = 
s(b(pA{pb') ■ (pA{pc')cj = s{pb(pA{pb' d) c) = p ■ s{b(pA{pb' d) c) = (modp) 

therefore n =0 (modp) as claimed and so 3a is a proper subset of Cq{E) . □ 

The above lemma immediately leads to 

Lemma 6.2. Let I a be a generating matrix of the extension ideal 3 a (6-1) with 
respect to the natural basis, so that 3a — (eo, 623, —613, 612) -X^Z^ . Then "if a G X^ZI and 
Ia £ -R(ii,pf) with integral quadratic form 



n 



\3a 



similar to n . Here we have set \3a\ = \^a\ = \Co{E)/3a\ , the index of 3a in Cq{E) . 

Proof. Indeed, since 3a is a proper (left) ideal of Cq{E) , wc know that \1a\ 7^ 1- 
Moreover, for a fixed element i G we have Co{E) ■ i C 3a and thus Cq{E) ■ i = 
(eoi, e23i, -613!, ei2i) 1^'^ = (eo, 623, -ei3, 612) • JaJ'Z"^ with some 3^ G Z4 . Then, looking 
at the matrix of the restriction of the norm-form n onto the submodule Co{E) ■ i C Co{E) 
we see that n(i)A'" = N[XAy] which implies that \3a\ divides n^(i) . Denote for a moment 
\Ia\ = ci^b with a square-free positive integer b. Clearly then ab divides n(i) , but i G D^a 
was arbitrary and therefore the form ^n|j^ is integral as well as its matrix (ab)~^N[XA] 
with respect to the natural basis. In particular det (^{ab)~^N[XA]) = (pAp detn)/(a6)'^ = 
(detn)/6^ = (A/6)^ is integral and so b divides A = detq/2, see (5.13). On the other 
hand, using Lemma 6.1 we also see that (Pa{pCo{E')^ is a proper subset of 3a which in 
terms of corresponding matrices means that \E'a = ^A'^ for some A" G Z4 , \X\ ^ 1 and in 
particular \3a\ is a proper divisor of = p'^ ■ Therefore b \ gcd(A,p^) , but according to 
our assumption prime p is coprime to det q = 2 A thus 6 = 1 and \3a\ = p^ ■ We conclude 
that the quadratic form 

hAx)= ^^ =p-'-n\^Jx) (6.2) 
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is integral. The matrix of fj^ with respect to the natural basis (eo, 623, — eis, 612) • Ia is 
Fj^ = 'p~^N\Ia\ G ^4 and its determinant det fj^ is equal to detn. Summing up we see 
that in, A is similar to n and that Ta G R{n,pi^^) . □ 

Lemmas 6.1 and 6.2 in essence allow us to write a lift ^a £ -R(n,p^n') as a prod- 
uct of automorphs with multipliers p of similar quadratic forms n , n' and f . Note 
that the quadratic form f = f^r^ in the above factorization is associated with a class 
of equivalent (left) ideals of Co{E,q) and is defined only up to integral equivalence, see 
(6.2). (Two left Co(-E)-ideals J, 5 C Co{E) are called equivalent if 3a — 0/3 for some 
a,P e Cq{E) .) An analogous factorization of a can be obtained if one considers the 
extension of ipa{pCq{E')) to the right ideal (/^^(pC'o (-£'')) " Co{E) instead of the left ideal 
as in (6.1). We now seek to find the total number of such factorizations (different modulo 
corresponding groups of units) for a given • Following a general method of investiga- 
tion of questions of this type developed in [1], we will view a matrix M. G R{n,pt) for a 
quadratic form f similar to n as a solution of the quadratic congruence 

n[M] = (modp) , 

whose matrix of elementary divisors is equal to Vp = diag(l, l,p,p) ■ That is to say, A4 
belongs to the double coset A'^VpA'^ which is a necessary condition for Ai to define an 
automorph with multiplier p of similar quaternary quadratic forms. (Indeed, we should 
have \A4\ = p^ and pA4~^ e Z4 , which leaves us with Dp as the only possible matrix of 
elementary divisors.) Since at the moment we do not want to distinguish a particular form 
f in its equivalent class {f [W] ; U G A^} , we will next be counting only different left cosets 
/AA"^ C A'^VpA'^ / A"^ . Finally, because of our interest in factorizations of automorphs with 
multipliers p^ , we restrict our search to only those automorphs A4 , which divide (from the 
left) a particular A G i?(n,p^n') . Thus, following [1], in order to find the total number of 
factorizations of A one introduces isotropic sums 

Spin,Vp,A)= Yl 1 • (6-3) 

n[M]=0 {mod p) ,M\A 

General isotropic sums of the above type were computed in [1], Theorem 5.1 (see also [2] 
and [4]). The idea behind the computation is to associate to a matrix C & the subspace 
Vp{C) of the quadratic space ((Z/pZ)4, nmodp) spanned by the columns of C modulo p . 
Then the summation conditions on Ai in (6.3) mean exactly that Vp{Ai) is a 2-dimensional 
isotropic subspace of ((Z/pZ)"^,!!) which contains fixed subspace Vp{A) . The number of 
such subspaces can be found with help of standard methods of Geometric Algebra over 
finite fields (see [9]). Specializing results of [1], Theorem 5.1 to our case we find that 

{1 if rankpp A = 2, 

1 + Xn{p) if rankwlA = l, (6.4) 

(1 + Xn(p))(p+1) if rankF^^=0, 

where p/detq and Xn{p) is the character (2.4) of the form n. (Note that Xn{p) = 1 for 
p/detq because of (5.13).) The above sum can be rewritten as follows. The condition 
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iV[A^] = (modp) means that A'"[A4] = pF ioi some even matrix F of oder 4. Since 
detM = detVp = , then detF = detA^ and thus quadratic form f{X) = 2~'^F[X] 
is similar to n . Since Ai is defined only modulo right multiplication by , we can 
replace F by any (integrally) equivalent form F[U] , U & A'^ . Let us fix a complete system 
{ni,...,nij} of representatives of different equivalence classes of the similarity class of 
n (analogous to (4.2)). Note that h < H since we can choose rij with 1 < i < h to he 
quadratic forms defined by the norms on the even Clifford subalgebras Co(Z"^, q^), 1 < i < 
h . (Indeed, according to Lemmas 5.4 and 5.5 these n^'s 1 < i < h belong to the different 
equivalence classes of the same similarity class.) Then for each Ai G A^DpA^/A^ with 
A'"[A<] = (modp) there exists a unique number z , I < i < H such that n[AlZY] = prij 
for some W G A^ . Next we note that according to the theory of elementary divisors (see 
[3], Lemma 3.2.2) i?(n,pnj) C A^PpA^ , therefore 

H 

Sp{n,Vp,A) = J2 E 1 ' (6.5) 

i=l MeR{n,pin)/E{ni) 
M\A 

which already resembles the right hand side of hypothetical (4.5) we seek to establish. 
Similar considerations of another isotropic sum allow us to compute also the left hand 
side of (4.5). Indeed, let {qi,...,q^} be a complete system (4.2). According to the 
theory of elementary divisors the set of primitive automorphs i?*(q,p^qi) coincides with 
i?(q,p^qi) n A^DpA^ , where Dp = diag(l,p,p^) , see [4] Lemma 3.1. Conversely, any 
A e A^DpA^/A^ such that Q[A] = (modp^) defines a quadratic form q[A] which is 
similar to q and therefore is integrally equivalent to exactly one of the forms q^ so that 
q[ylf/] = p'^q^i for a unique number z , 1 < i < h and some U e A^ . We conclude that 

h 

J2 E 1 = Sp.ici,Dp,0,) = (6.6) 

Q[A]=0 (modp2) 

where O3 is the zero matrix of order 3. Furthermore, using Theorem 2.2 of [4] we can 
provide an explicit value of the isotropic sum (6.6): 

Sp2{q,Dp,Os) = p+1 . (6.7) 

Combining formulas (6.3)-(6.7) we finally establish (4.5) and deduce the following Theo- 
rem, which expresses total number of ternary automorphs of q with multiplier p^ in terms 
of quaternary automorphs with multiplier p and can be viewed as a generalization of the 
Shimura's correspondence for theta-series of ternary positive definite quadratic forms to 
the case of indeterminate forms: 

Theorem 6.3. Let q be an integral nonsingular ternary quadratic form (5.1) with 
determinant det q = 2A , and let p be a prime not dividing 2 A . Fix a complete system 
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{qi, . . . , q/i} of representatives of different equivalence classes of the similarity class of q . 
Then 

E 1 = (i + xM)-' E 1 , 

where n is integral quaternary quadratic form defined (with respect to some basis) by 
the norm (5.10) on the even subalgebra Cq{E) of the Clifford Algebra C{E,q), Xn{p) = 

{ ^~^\ ^ ) character (2.4) of n , and {ni, . . . , uh} is a complete system of represen- 

tatives of equivalent classes in the similarity class of n . 

Proof. Indeed, taking A to be the zero matrix of order 4 in (6.4) and using (6.7) we 
see that 

Because of (6.5) and (6.6), this relation between the isotropic sums is equivalent to the 
above relation between numbers of automorphs, which also proves (4.5). □ 

Tracing back considerations of section 4, one can see that the above theorem imme- 
diately implies 

Corollary 6.4. With the notation and under the assumptions of Theorem 6.3, let 
in addition q be positive dehnite. Then Shimura's lift of the generic theta-series 0{q}(z) 
and the generic theta-series ©{n} (^) of the norm n on the even Clifford subalgebra Cq{E, q) 
have the same eigenvalues p+1 for all Hecke operators T{p) with p/det q. □ 

Unfortunately up to the present the isotropic sums of type (6.3) or (6.6) have not been 
computed in the case of prime p dividing the determinant of corresponding quadratic form. 
This prevents us from comparing directly eigenvalues of ©{n}(2;) and of Shimura's lift of 
©{q}(-2) on singular Hecke operators T{p) with p - divisor of level. Thus, the question if 
Shimura's lift of 0{q}(^) for arbitrary ternary form q is always proportional to 0{n}(z) 
remains open. 

Nevertheless automorph class lifting A i— ^ a (5.30) constructed in section 5 allows us 
to make progress in another direction and exhibit algebraic origins of the equality (4.5) and 
therefore of Shimura's correspondence for generic theta-series. Indeed, because of Eichler's 
commutation relation (2.5), linear combinations of theta-series invariant under Hecke op- 
erators (such as generic theta-series, for example) are determined by corresponding sets of 
automorphs with multipliers p or p'^ (according to the weight of the theta-series). Thus, 
algebraic relations between various sets of automorphs can in principle be responsible 
for correspondences between certain linear combinations of theta-series. (Moreover, they 
can provide a natural generalization of such correspondences to the case of indeterminate 
forms.) In particular, in the case of Shimura's lift of generic theta-series of ternary forms 
we seek relations between two sets of automorphs: 

h H 
|Ji?(q,)\i?*(q„p2q) and |J i?(n,)\i?(n„pn) 
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of ternary and quaternary quadratic forms respectively. Recall that by factoring in 
Lemmas 6.1 and 6.2, we extended our automorph lift A h-^ to an inclusion A h— > Ia of 
UiE{c{i)\R*{c{i,p'^q) into U j E {nj)\R{nj , pn) . Now we claim that this map is in fact an 
injection whose inverse can be naturally extended turning the set of quaternary automorphs 
with multiplier p into a 2-fold covering of the set of ternary automorphs with multipliers 
p'^ . More precisely we have the following 

Theorem 6.5. Let q be an integral nonsingular ternary quadratic form with matrix 
Q given by (5.3) and let N be the matrix (5.12). If p is a prime number coprime to 
det q, then for any M. G A^DpA^/A^ such that N[M.] = (modp) there exists (a unique) 
A e A^DpA^/A^ such that Q[A] = (modp^) and (see (5.28)). 

Proof First of all, if AII^^a, then A4~^'^a is an integral automorph (of quaternary 
forms) with multiplier p, and thus p'^^^M. is an integral matrix. Therefore, using the 
Remark 5.7 we see that 

A^l^'^ '^p2A-i - M = (modp) . (6.8) 

Next, let M = UVpW with U,W e A^ . Since N[M] = (modp) if and only if 
N[MW~^] = (modp), ^p2A-iM = (modp) if and only if ^p2A-iMW~^ = 
(modp) and M. is defined only up to right multiplication by A'^ , it is enough to consider 
W = I4 and = UVp . 

Similarly, let A = VDpW with V,W e A^ . Clearly Q[A] = ^ (modp^) if and only 
if (5[AVF~^] = (modp^) . Wc also claim that ^p2A-iM = (modp) if and only if 
^p'^WA-^-^ = (modp) . Indeed, consider the following commutative diagram: 



{Z\ci\p-^AW-^]) : (Z3,q[p-1A]) {E,p\) 

I t t 

C{Z^,ci\p-^AW-^]) . C{Z^qlp-^A]) ^^f!^ C{E,p\) 



Using (5. 20), (5. 22) and (5.28) one can see that "^p^wA-^ — -^ps^-i e A'^^'p2^-i since 
(fiw is an isomorphism of Clifford algebras. Thus we can take W = I3 and A = VDp . 
Next we set V = (Vi,V2, V3) and 



U2 U3 U4 

U2 Us Ua 



Thus given M = UVp = (Ui,U2, pUs, PU4) with ^UiNUj = (modp) for z = 1, 2 we want 
to find A = VDp = {Vi,pV2,p^V3) such that V e A^ with Q[Vi] = (modp^) , *V2QVi = 
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(modp) and 

TT TT TT TT ] = ^ (modp) , 

\Ui U2 pUz pU4 J 

where Z = p~^ Z^p2j^-i-j depends on V , see (5.28). The last condition is equivalent to the 
system of congruences ^ZUi = (modp) , *Vif/j = (modp) for z = 1,2. Note that all 
of the above conditions on columns of matrix V & are modulo p (or p"^) and therefore 
the choice of particular representatives modp^ is irrelevant as long as \^ e . Recall that 
columns Vi, V2 G can be complemented to a matrix (Vi, V2, V^) G A'^ if and only if the 
greatest common divisor of principal minors of (Vi, V2) G Z2 is 1. Using the above remarks 
and Lemma 1.3 above we can replace the condition F G A^ by linear independence of Vi 
and V2 modulo p. Thus, combining all the conditions, we need to find Fi, V2 G such 
that Vi , V2 are linearly independent modulo p and 

Q[Vi] = (modp2) 
^V2QVi = (modp) 

*Vi -Ui = (modp) for z = 1, 2 " 

*Z-lJi = (modp) for z = 1,2 

Denote 

w = '«-' = (n'.w.,W3,w.) = (-?^ «| 

then *W ■ U = ■ Uj) — I4 which implies that Wi ■ Uj + ^Wi ■ Uj = (modp) if i ^ j . 
Next, since N[WDp\ = (modp) , then using (5.14) we have 

/ * * * * \ 

* * * * 

* * p p 

V * * p p / 

and therefore *>ViiVWj = (modp) for z, j = 3, 4 . Because W G A^ , the columns W3, W4 
are linearly independent modulo p and thus their linear span (over Fp) contains the column 
A* ^ (modp) whose first component is zero modulo p\ 

aWs + 6W4 = A' = (yj^ (mod;>) , X ^ (modp) . 

Using properties of W3, W4 exhibited above we see that ^X\Ji = ^XUi = (modp) for 

1 1, 2 and Q[X] = A~^N[X] = (modp) . According to Lemma 2.3 of [4] there exists 
distinct (modulo/?^) columns X G such that X = X (mod/?) and Q[X] = (mod 7?^) . 
For any of these columns we can take Vi = X (modp^) . 



/p 



Vo 



P'V2 



p 



/2detQo \QoB) 
\ (QoB) Q 
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Next, consider the congruence ^ViQY = (modp) as a linear equation with 3 vari- 
ables over Fp . Since Q G GL3{¥p) and Vi ^ (modp) then ^ViQ ^ (modp) and 
therefore the space of solutions of the above equation is two dimensional. One nontrivial 
solution is Vi . Thus there exists V2 G such that ^ViQV2 = (modp) and Vi, V2 are lin- 
early independent modulo p . Using Lemma 1.3 we can change Vi and V2 modulo in such 
a way that the matrix {Vi, V2) is primitive and therefore complementable to an invertible 
matrix V = (¥1,^2,^3) G . Thus given W G such that N[UVp\ = (modp) 
we can find G A"^ such that Qfl^Dp] = (modp^) and ^ViUi = (modp) for 
i — 1,2 . To prove the Theorem we still need to show that ^ZlJi = (modp) for i — 1,2 
(Z depends on V , see above). Luckily, this condition is met automatically with our 
choice of V . Indeed, set A = VDp and q' = p~'^ ■ q[A] , then A G i?(q,p^q') and so 



p. 



A 



'^p2A-i e R{n',p^n), in other words A^'[^'p2^-i] = p^N (see (5. 12), (5. 27) and 



Remark 5.7). Then 7V'[*p2^- 



• Ui] = p^N[Ui, 



(modp"*) for i = 1, 2 . But 



p'^A- 



(V 




Vo 



v'y2 

p 



Ui 



u,. 



/'ZU^\ 



V J 



(modp) for z = 1, 2 



by the above choice of V , therefore using (5.12) we have N'[^p2j^-i • Ui] = 2(*ZC/i)^ = 
(modp) and so *ZUi = (modp) for i = 1, 2 as stated (recall that p ^2 since 2| det q). 

Summing up, there exists A such that ^I/pS^-i - WDp = (modp) , i.e. A^|\l/^. 
Finally, it is easy to see that for a given G [JiR{'n.,pY\.i) / E{wi) such an A G Ujf?(q, p^q^ )/ 
E{c^) is unique. Indeed, first note that since A G A'^DpA"^ then the double coset A^\E'aA^ 
contains matrix of the form 



fp 



Vo 



and so rankp^ a is either 1 or 2 . Then (6.4) implies that each a G R{n,p^n') is divisible 
from the left by at most 2 = 1 -|- Xn(p) different cosets M G U^ii2(n,7?nj)/£'(nj) . (The 
same is true for any A G Uji?*(q,p^qj) ). If the same M. would divide a for different 
classes of A's, then the union over A 



u 



{ M G Uf=ii?(n,pn,)/£(n,) ; M\^a] 



(6.9) 



AeU^^li?*(q,p2q,)/£;(q«) 

would not be disjoint and therefore its cardinality would be less than 



(1 + Xn(p)) • X^r*(q,p2qi)/e(qi) 



(1 + Xn(p))-(P+1) 



On the other hand, we have just proved that any M. G \JjR{ii,pr\j)/E{r\j) divides from 
the left some a and thus belongs to the union (6.9), whose cardinality in view of this 
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should be at least (1 + Xn{p)) • (p + 1) , see (6.4) and (6.5). We conclude that for any 
Ai there exists exactly one A e A^DpA^/A^ such that Q[A] = (modp^) and A^I^'a- 
Incidentally we have also proved that rankp^ ^'^ = 1 for any such A . □ 

Remark 6.6. The above result means that for any class M.E{ni) G R{n,pni)/ E{ni) 
there exists a unique class AE{q^j) e R*{q,p^q^j)/E{qj) such that any M.' G M.E{ni) di- 
vides from the left "^a' for any A' e AE{q^j) . Thus the established correspondence is indeed 
between classes modulo groups of units rather than between individual automorphs. (To 
see this let A' = AE and M' = MS with E G E{(ij), S G E(ni) . Then using (5.28), (6.8) 
and Lemma 5.3 we have: M'\^a' ^ ^ps^'-i - ME = (modp) $£-1*^2^-1 ■ M = 
(modp) 44> All^'yi since ^^-i G E{nj) and so it is invertible. 

In order to obtain a generalization of Shimura's lift in terms of automorph class 
theory, we need to consider correspondences between left (rather than right) classes of 
automorphs. To this end we extend the automorph class lift (5.28) and define the map 
T : Ui£'(qi)\i2*(qi,p^q) — > UjE{nj)\R{nj,pn) via the following chain elements of which 
are already familiar (see Lemmas 5.5 and 6.2): 

T: A^^a^P^{^a)~^ ^^p^A-^ ^Ip^A-^ ^p{Ip^A-^)~^ ^^A (6.10) 
Summing up our knowledge about the above maps we arrive to the following 

Theorem 6.7. Let q be an integral nonsingular ternary quadratic form and let n 
be the integral quadratic form deGned (up to integral equivalence) by the norm on the 
even subalgebra of the Clifford algebra C(q) . Take {qi, . . . , q/^} and {iii, . . . , uh} to be 

complete systems of representatives of different equivalence classes of the similarity classes 
of q and of n respectively. Let p be a prime number coprime to det q . Then map of classes 
of automorphs A 1— > Ta defined via (6.10), (5.28) and Theorem 6.5: 

h H 

T : y £;(q,)\i?*(q,,p2q) ^ \J E{nj)\R{nj,pn) 

is an injection such that Ta divides ^a from the right for any A G Uj£^(qi)\i?*(qj,p^q) . 

Proof Indeed, the map \& : E{qi)\R*{qi,p^q) — > E{ni)\R*{ni,p'^n) is an injection 
according to (5.30) and Lemmas 5.3 , 5.5. The second element of our chain is the bijection 
A4 ^ p'^A4~^ of classes of primitive automorphs E{ni)\R*(ni^p'^n) R*(n,p'^ni)/E(ni) 
restricted to the image of \E' . The equality p^(\E'yi)~^ = ^p2A-i was established in Remark 
5.7. The map '^p2A-i 1— > ^pa^-i , R* {n, p'^iii) / E{ni) — > R{n,pnj)/E{nj) for some j is 
defined via extension of ideals of corresponding Clifford algebras in Lemmas 6.1 and 6.2. It 
provides us with Ip2A-i G A'^VpA'^ / A'^ such that Xp2A-i divides ^I/pa^-i from the left and 
therefore is an injection according to the Theorem 6.5 and Remark 6.6. The last step in the 
chain (6.10) is the bijection 1— > pA4~^ , R{n,pnj)/ E{nj) — * E {nj)\R{nj , pn) . Thus, 
being a composition of injections, T is certainly an injection itself. Moreover, since 1^2^-1 
divides p'^{'^a)~^ from the left, then = p{2p2A-i)~^ divides '^a from the right. □ 
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From the above theorem it follows easily that one can consider the set of classes of 
quaternary automorphs of n as a 2-fold covering of the set of classes of ternary automorphs 
of q: 

Corollary 6.8. With the notation and under the assumptions of Theorem 6.7, 

H 

|Ji?(n,)\i?(n,-,pn) = 

U { >f e U,-E(n,)\J2(n„pn) ; eZ|} , (6.11) 

A^lj'^^^E{cii)\R*{cii,p'^ci) 

where for a fixed A the set {M G UjE{nj)\R{nj,pn) ; ^aM.~^ G Zj} consists of exactly 
2 classes and the union over A is disjoint. 

Proof. According to the Remark 6.6, for each A4 G UjE{nj)\R{nj,pn) there exists 
a unique A G UiE'(qi)\i?*(qi, p^q) such that {pA4)~^ divides ^I/pa^-i from the left, which 
immediately implies that A4 divides \E'a = P^(^'p2A-i)~^ from the right. This establishes 
the proposed equality (6.11) and shows that cardinality of the union over A in the right 
hand side of (6.11) is equal to (1 + Xn{p)) ■ (p+ 1) , see formulas (6. 3), (6. 4) and (6.5). On 
the other hand, because of (6.6) and (6.7) we see that this cardinality can be achieved 
only if the union over A in (6.11) is disjoint (recall that in the proof of Theorem 6.5 we 
already have established that rankF^ "if a = 1 and so the number of elements in the set 
{M G UjE{nj)\R{nj,pn) ; ^aM~^ G Z|} is equal to 1 + Xn(p) = 2 according to (6.4)). 

□ 

In other words. Corollary 6.8 states that each class in UjE{nj)\R{nj,pn) is a right 
divisor of a unique class in \1/ (UiE{qi)\R*{qi,p'^q)) . And conversely, each class in the 
image ^ (Uii?(qi)\i?*(qi,]3^q)) is divisible from the right by exactly (H-Xn(p)) = 2 classes 
of automorphs in [JjE{nj)\R{nj,pn) . 
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7. Concluding remarks 

Automorph class lift and its factorizations studied in preceding sections sheds a new light on 
relations between representations of integers by ternary and quaternary quadratic forms. 
In particular case of positive definite ternary forms one can deduce from its construc- 
tion relations between corresponding theta-series similar to Shimura's lift as defined by 
P.Ponomarev in [10]. Still the theory is far from being complete and we would like to 
discuss some open questions. 

First of all it is necessary to address the issue of singular primes, i.e. those p which 
divide the determinant detq. As we already noted in Corollary 6.4, the isotropic sums of 
types (6.3) and (6.6) have not been computed in the case of such primes. This prevents 
us from stating a stronger versions of Theorem 6.3 and Corollary 6.4 which would satis- 
factorily resolve the question of whether or not Shimura's lift of Q^^^{z) is always equal 
to a normalized 0{n}(-2)- Computation of singular isotropic sums would also have other 
important applications, such as a complete Euler product decomposition of general Eichler 
and Epstein zeta-functions as well as investigation of their analytical properties (see [2]). 

Another unclear issue concerning singular primes is proper construction of the auto- 
morph class lift (5.28) * : Ui£;(qi)\i?*(qi,p2q) ^ \JjE{nj)\R*{Ta.j,p^n) for such p and 
its further factorization into a product of quaternary automorphs with prime multipliers 
(similar to results of Lemmas 6.1 and 6.2). All our proofs use the primality of p to detq 
and it would be very interesting to see to what extent the same construction works in the 
singular case and what modifications (if any) should be made. 

The next interesting possibility is connected to investigation of effects of the auto- 
morph class lift on individual quadratic forms. (In case of positive definite quadratic forms 
this could lead to correspondences between certain spaces of modular forms spanned by 
theta-series of different weights which are invariant under Hecke operators.) For this one 
needs to describe explicitly factorizations of an individual image \E' (£'(qi)\i?*(qi,]3^q)) 
into products of quaternary automorphs with multiplier p . (Recall that we provided such 
a description only for the whole \1/ (Ui£'(qi)\i?*(qi,p^q)) which corresponds to Shimura's 
lift of the generic theta-series G{q}(2) ). Inspired by results of P.Ponomarev [10], here is a 
sketch of what one might expect. 

The subspace of modular forms of half-integral weight 3/2 spanned by h theta-series 
of ternary quadratic forms (4.2) is invariant under Hecke operators [a T(p^) and its eigen- 

matrix with respect to ©(2;, qj)/e(qj) , 1 < i < h is t*(p^) given by (2.6). Let Fi{z) 
denote Shimura's lift <d'^'^\z,qi) for some fixed a and let Fci{z) — *(..., Fj(2;), .. .) be 
the associated vector-valued modular form of integral weight 2. Then we expect the 
space spanned by Fi{z), 1 < i < h to be invariant under Hecke operators \2T{p) whose 
eigenmatrix with respect to F^'s is again given by t*(p^). Furthermore, let Qn{z) = 
*(..., Q{z, nj)/e(nj), . . .) be the the vector-valued theta-series of weight 2 associated to a 
complete system {ni, . . . , nn} of quaternary quadratic forms representing different equiv- 
alent classes of the similarity class of quadratic form defined by the norm on the even 
subalgebra of Clifford algebra C(Z"^, q^) for some i . (We note again that we can take to 
be the norm on Co(Z^, q^), 1 < i < h and so h < H, see Lemmas 5.4 and 5.5). We expect 
the space spanned by Shimura's lifts of Q{z, q^), 1 < z < /i to be a subspace of the space 
spanned by the normalized theta-series Q{z, nj)/e{nj), 1 < j < H , which is invariant un- 
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der Hecke operators \2T{p) . In other words, we hope that there exists a matrix X e 
(of arithmetical nature) such that Fq{z) = X ■ Qn{z) . This would imply that 

t* . XQ^{z) = F^{z) T{p) = Xe^{z) I, T{p) = (1 + Xn{p))-'X ^(p) • e„(^) 

Building up expectations, one hopes that t*(p^) ■ X = (1 + Xn{p))~^X ■ t* (p) for some 
arithmetical matrix X e , in other words 

(\E{cii)\R*{cii,p\)\) ■X={l + xM)-'X.(\E{nk)\R*{nk,pni)\) (7.1) 

V / hxh \ / HxH 

One can sec that such an X is not totally impossible using Theorem 6.3 and taking for 
example h = 1 and X = (^^- r(nj, l)/e(nj))~^ ■ (1, . . . , 1) , the particular scalar multiple 
is chosen in order to make the first Fourier coefficient of X ■ On (2;) equal to 1. Another, 
rather trivial example of matrix X with property (7.1) is 



/e-i(qi) ... e-Hqi) 



X = 



Ve-^(qh) 



for which we have i*(p^)-X = {p+l)-X = (l+Xnip))~^X ■t'^{p) according to the Theorem 
6.3. Both examples produce the generic theta-series Q{n} (z) as a Hecke eigenform of weight 
2 whose eigenvalue is equal to t* (p^) . It would be extremely interesting to find nontrivial 
(of rank > 1) examples of matrices with property (7.1), which could lead to construction of 
other subspaces invariant under Hecke operators of the space spanned by the theta-series 
0(2, rij), I < j < H with eigenmatrix t* (p^) . Furthermore, and perhaps more interesting, 
equality of type (7.1) would provide a direct link between various zeta- functions associated 
to ternary and quaternary quadratic forms, which could lead to insights concerning their 
analytical properties (such as meromorphic continuation and functional equation). Let us 
illustrate this with a simple example. 



If we start with q(a;) 



X 1 



-\- X2 -\- x1 - the sum of 3 squares, then corresponding 



quaternary form (5.12) on Co{E, q) is the the sum of 4 squares n{y) — yf + yi + ui + • 
Both forms are positive definite and both have the class number equal to 1 (i.e. h = 1 
and iy = 1), so their theta-series 0(2;, q) = e(q) • 0{q}(2;) and Q{z,n) = e(n) • Q{n}{z) 
are eigenforms of Hecke operators | 3 T(7?^) or I2 T(p) with respective eigenvalues mp^) = 

r*(q,p^q)/e(q) or il{p) = r(n,pn)/e(n) , see (2.6). The only singular prime dividing 
the determinants in our example is p = 2 . By the Corollary 6.4 odd-numbered Fourier 
coefficients of Shimura's lift of Q{z, q) coincide with those of |0(2, n) ,we normalize with 
r(n,l)=8. Note that according to the Theorem 6.3 the equality (7.1) actually holds in this 
situation with X = 1: t^p^) = ^t^p) for p 7^ 2 . Next we set 



rfe(m) = 



R 



k 

i=l 



m 



E 



k 

i=l 
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then, using (2.8) and (2.9) we have the following chain of equalities for any square-free 
positive integer a and any positive integer b : 



E 



t4{mb) 



m-odd 



n {1 - hii{p)p-' + p'-'T' ■ ^^(b) = n {^-i3{p')p-'+p'-'') '-uib) 

p-odd p-odd 



m-odd p-odd p-odd 



m-odd 



Taking 6=1 and setting L (s, ( — )) = Lais) , where (— ) is the Legendre symbol, we 
conclude that 

E^ = i.-'W-E^-3W . (7.2) 



-odd m-odd 



The particular zeta-function on the left-hand side of (7.2) has Euler product (2.9) and is 
associated to theta-series 6(2, Xj) of half-integral weight. Now one can also 

deduce analytical properties (meromorphic continuation and functional equation) of this 
zeta-function from known properties of the Epstein zeta-function and the L-series on the 
right-hand side of (7.2). 

Finally one can try to give an interpretation (and generalization) of equality (7.1) in 
terms of the automorph class theory which would provide a direct link between 1* (p^) and 
T* (p) , see (3.1), i.e. between individual classes of ternary automorphs £^(qi)\i?*(qi,p^qj) 
and quaternary automorphs £^(nfc)\i?*(nfc,pnz) with fixed i,j,k,l, for an arbitrary in- 
tegral nonsingular ternary quadratic form q . This would also automatically furnish a 
natural proof for the above conjectures on relations between numbers of representations 
and, as a consequence, between corresponding Eichler or Epstein zeta- functions. Such 
an interpretation seems to require a better understanding of arithmetic of even Clifford 
subalgebras Co{E,q) in order to characterize explicitly factorizations of individual lifts 

C E{ni)\R*{ni,p'^nj) in terms of automorph classes in E{nk)\R*{nk,pni) for specific 
k and / . To this day attempts to find such an interpretation were unsuccessful. 

At last we mention the most intriguing mystery concerning Shimura's lift for theta- 
series - the question of theta-series of quadratic forms in more than 3 variables. The 
apparatus of Clifford algebras extensively used in the present paper seems to be of no use 
in that situation since on one hand dimensions of corresponding algebras do not match 
the expected weights of the lifting and on the other hand the standard norm on an even 
Clifford subalgebra of dimension greater than 4 does not define a quadratic form in general. 
To author's knowledge there is no result describing effects of Shimura's lift on such theta- 
series. The mountain is still in clouds! 
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